MANE 3332.01



LECTURE 10



Agenda

Continue Chapter 4 lectures

Poisson Practice Problems (assigned 9/30/2025, due
10/2/2025)

Poisson Quiz (assigned 10/2/2025, due 10/7/2025)

Standard Normal Practice Problems (assigned 10/2/2025, due
10/7/2025)

Schedule



Handouts

e Lecture 10 Slides - Powerpoint
* Lecture 10 Slides - marked (pdf)



Tuesday Date and Topic(s) Thursday Date and Topic(s)

9/30: Poisson Distribution, Chapter 4 10/2: standard normal
10/7: normal distribution 10/9: Exponential and Weibull distributions
10/14: Chapter 5 (not on midterm) 10/16: Midterm Review

10/21: Midterm Exam 10/23: Continue Part Two



The Normal Distribution & _ S .

* The normal distribution is the most widely used and important distribution in

statistics.
*  You must master this! ~ M
* Arandom variable X with probability density function o~ — s 1‘0(7-.4&.,
_(x=p)?
—0o < x <oof(x) = e 202 for
V2mo

has a normal distribution with parameters u and o where —
* The normal distribution with parameters u and o is denoted

* Aninteresting web-site is
http://www.seeingstatistics.com/seeingTour/normal/shape3.html ) l’,., .
okt on

/U*: 919> o =2 Dro.?;y



http://www.seeingstatistics.com/seeingTour/normal/shape3.html




Mean and Variance of the Normal Distribution

 The mean of the normal distribution with parameters u and o
IS

E(X)=p
* The variance of the normal distribution with parameters u

and o is
V(X) = g?



Central Limit Theorem
e Brief introduction

e States that the distribution of the average of independent

random variables will tend towards a normal distribution as n
gets large s Cn < 30

e More details later



Calculating Normal Probabilities
* |s somewhat complicated

* The difficulty is f: f (x) dx does not have a closed form
solution

* Probabilities must be found by numerical techniques (tabled
values)

* Itis very helpful to draw a sketch of the desired probabilities (|
require this)



The Standard Normal Distribution

* A normal random variable with y = 0and o = 1is called a
standard normal random variable

e A standard normal random variable is denoted as z

e The cumulative distribution function for a standard normal is
defined to be the function

@’W\t ®(z) =P(Z < z) ":FQB

—

* These probabilities are contained in Appendix Table Ill on
pages A-8 and A-9



A8 APPENDIX A Statistical Tables and Charts

umulative Standard N
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APPENDIX A Statistical Tables and Charts A9

B(z) = P

S:v=/ ‘/é “du

umulative Standard N n
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21 09R136 0982871 098997 0983414 09K 09842 0984997 098531 0985738
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36 0599928 099931 0999933 0999936 0999938 0999941 0999043 0999946 0.999948 0999950
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Standar( 5.1.1 Suppose that Z ~ N (0, 1). Find:

\f\b‘«d 3)

knc}m@re,)a,)ou t

(a) P(Z <1.34) —.3
(b) P(Z > —0.22) o 3
\ (c) P(—2.19 <Z <0.43)
g (d) P(0.09 < Z < 1.76)
(e) P(|Z] <0.38)
(T) The value of x for which P(Z < x) =0.55
(g) The value of x for which P(Z = x) =0.72
{h) The value of x for whlch P(lZ] <x)=0.31

oot Z

image
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TABLE 1Nl Cumulative Standa ormal Distribution (continued)
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Standard Normal Practice Problems



Question 1 (1 point)

BEEar

Let Z be a standard normal random variable, find P(1.18<7Z<2.8).

© 1) 0116445
© 2) 0.883555
O 3) 0881

© 4 0.002555
O 5) .0.190948

O 6) The correct answer is not provided.



Question 3 (1 point)

S [ >

Let Z be a standard normal random variable, find P(Z>1.47). -7

1) 0207435

© 2) 0.864582 D‘ l:HT
D(22142\ - V-2 (17 )

O 5) 0929219 _ ] ,_.__‘?2«0, 2 '(?

= <O F0FAS)

O 7) The correct answer is not provided.




Question 6 (1 point)

E ) Listen u
Let Z be a standard normal random variable, find P(Z<-3.06). - - I) ;06

© 1) 0.996305

© 2) 0.998893
O 3) The correct answer is not provided.
© ) 0.933869
O 5) 0.001107
© 6) 0.273065

© 7) 0003695

Plrz= < -to) & 40.0

P(z 7 4oV 10 3\*@"‘%%‘:%






Normal Probability Problem

5.1.3 Suppose that X ~ N (10, 2). Find:
() P(X <1034) — —5(‘2)
(b)y P(X = 11.98)
(c) P(7.67 <X <9.90)
(d) P(10.88 < X < 13.22)
(e) P(IX —10[=3)
(f) The value of x for which P(X < x)=0.81
(g) The value of x for which P(X = x)=0.04
(h) The value of x for which P(|X — 10] = x) =0.63

image



Normal Practice Problems



Normal Approximation to the Binomial Distribution

 If X isa binomial random variable,
7 - X —np

Jnp(1 - p)
is approximately a standard normal random variable. Consequently,
probabilities computed from Z can be used to approximate
probabilities for X
e Usually holds when
np>5 andn(l—p) >5




Prdbow good are the approximations?

4. A process yields 10% defective items. If 100 items
are randomly selected from the process, what is the
probability that the number of defectives

(a) exceeds 137

(b) 1s less than 8?

Source: wWalpole, Myers, ngrs Ve

image






Normal A

\

/ X‘xgl

|
|
6 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Figure 6.22 Normal approximation of b(x; 15, 0.4).
Soarce: Walpele, Myers, Myers & Ye

image



Rework Problem using Continuity Correction Factor
e Are the approximations improved?



Normal Approximation to the Poisson Distribution

e If X is a Poisson random variable with E(X) = Aand V(X) =
A,

,_X-2
V2

is approximately a standard normal random variable.



Exponential Distribution

The exponential distribution is widely used in the area of
reliability and life-test data.

Ostle, et. al. (1996) list the following applications of the

exponential distribution

— the number of feet between two consecutive erroneous records on
a computer tape,

— the lifetime of a component of a particular device,

— the length of a life of a radioactive material and

— the time to the next customer service call at a service desk



Exponential Distribution

 The PDF for an exponential distribution with parameter A > 0 is
f(x) =2e ™, for0<x < oo

e Themeanof X is

1
u=EWX) = 7
e The variance of X is
1
g% = V(X) =ﬁ

Note that other authors define f(x) = %e‘x/g. Either definition is acceptable.
However one must be aware of which definition is being used.



The Exponential CDF
The CDF for the exponential distribution is easy to derive

F(x) = P(XSx)=Jxxle_’1ydy

j Le ™ dy

- —M>|
e e



Problem 4-79
4-79. The time to failure (in hours) of fans in a personal com-
puter can be modeled by an exponential distribution with

A = 0.0003.
(a) What proportion of the fans will last at least 10,000 hours?

(b) What proportion of the fans will last at most 7000 hours?

image



Lack of Memory Property

The mathematical definition is
PX<ti+t,]X>t) =P(X<ty)

That is “the probability of a failure time that is less than t; +
t, given the failure time is greater than t; is the probability
that the item’s failure time is less than t,

This property is unique to the exponential distribution
Often used to model the reliability of electronic components.



Problenr 4-80. The time between the arrival of electronic messages at
your computer is exponentially distributed with a mean of two
hours.

(a) What is the probability that you do not receive a message
during a two-hour period?

(b) If you have not had a message in the last four hours, what
is the probability that you do not receive a message in the
next two hours?

(c) What is the expected time between your fifth and sixth
messages”?

image



Relationship to the Poisson Distribution

 LetY be a Poisson random variable with parameter A. Note: Y
represents the number of occurrences per unit

e Let X be arandom variable that records the time between
occurrences for the same process as Y

* X has an exponential distribution with parameter A



Lognormal Distribution

Let W have a normal distribution with mean 8 and variance w?;
then X = exp(W) is a lognormal random variable with pdf

f(x) = [ (ln(x)—@) O0<x<oo

exp

xa)\/_

The mean of X is
E(X) — €9+w2/2
The variance of X is
V(X) — 626+w2(€w2 _ 1)



Example Problem

3-47. Suppose that X has a lognormal distribution with
parameters 6 = 5 and w® = 9. Determine the following:

(a) P(X < 13,300)
(b) The value for x such that P(X < x) = 0.95

(c) The mean and variance of X l"'bdﬁomﬂ:y,?u merd'u‘cuk

image



Gamma Distribution

* Therandom variable X with pdf
/er_le_’lx
fx) = o forx > 0

is a gamma random variable with parameters A > 0 and r > 0.
 The gamma function is

(0]

rr) =] x" e *dx forr>0
0

with special properties:

o ['(r)isfinite

e I'N=C-Drir-1)

e For any positive integerr, I'(r) = (r — 1)!
- I (1/2) = n/?



Gamma Distribution
e The mean and variance are
u=EX)=r/landc? =V(X) =1r/A?

* We will not work any probability problems using the gamma
distribution



APPENDIX A

Gamma Function
n | Tw | n | Tw | n tw | a | Tw
a m m a a e s Goran | ey 0310 | T3 oo | T30
00200 | 494423 | 05200 | 17088 9888
00300 | 327850 | 05300 | 16747 09836
00400 | 244610 | 03400 | 16448 09784
00500 | 194701 | 03500 | 16161 0973
00600 | 161457 | 03600 | 15886 09687
00700 | 137736 | 03700 | 13623 09622
00800 | 11 03500 | 15369 09597
oo | o | 3 | 15
01000 | 95135 | 06000 | 14892 09513
01100 | 86127 | 06100 | 14667 | osen
01200 | 73632 | 06200 | 14450 09436
01300 | 72302 | 06300 | 14242 09399
01400 | 6 0 14041 09364
01500 | 62203 | 06500 | 13848 09330
01600 | 58113 | 0. 13662 09298 |
01700 | 54512 | 06700 | 13482 09267
01800 | s1318 | 06800 | 13309 09237
01900 | 48468 | 06900 | 13142 0929
02000 | 43508 | 07000 | 12981 | oo
02100 | 43899 | 07100 | 12825 09156
02200 | 41505 | 0. 12675 | oot
02: 39598 | 07300 | 12530 | 09108
02400 | 37855 | 07400 | 12390 | | ososs
02500 | 3625 | 07500 | 12284 05064
02600 | 34785 | 07600 | 12123 | | osou
02700 | 33426 | 07700 | 11997 | osms
02800 | 32169 | 07800 | 11875 05007
02900 | 31001 | 07900 | L1787 03990
o. 29916 | 0 L1602 05975
03100 | 2353 | 08100 | L1s®2 03960 |
03200 | 27958 | 08200 | 11425 01946
03300 | 27072 | 0830 | L322 03934 |
3400 | 26242 | 122 08922
03500 | 25461 | 03500 | 1 1350 | osonz |
24727 | 03600 | 11031 | 13600 | 0so02
03700 | 24036 | 05700 | 1041 | 13700 | 08893
o 23383 | 05800 | 10883 | 13800 | O08sss
03900 | 22765 | 04900 | 10768 | 13900 | 0887
0. 22182 | 05000 | 10686 | 1 08373
04100 | 21628 | 09100 | 10607 | 14100 | 08868
04200 | 21108 | 0. 10530 | 14200 | 03864
04300 | 2 09300 | 10456 | 14300 | 02860
0au0 | 2013 | 03u0 | 10%a | 13400 | Oussh
04500 | 19681 | 09500 | 10315 | 14500 | 0857
4600 | 15252 | 09600 | 10247 | 1600 | 03856
04700 | 1843 | 09700 | Lowsz | 14700 | 03856
04300 | 13453 | 09800 l o9 | rasoo | osss?
04900 | 13080 | 05900 | 10059 | 1900 | o0s8sH
05000 | 17725 | 10000 | 10000 | 15000 | o0sse2




Weibull Distribution

* The random variable X with pdf
_ B x\B1 x\ P
f(x)—g(g) exp _(E) , forx>0

is a Weibull random variable with scale parameter 6 > 0 and shape parameter § > 0
* The CDF for the Weibull distribution is

F(x) = 1 — exp [— (%)B]

e  The mean of the Weibull distribution is

1
u=EX) = 5r<1 +E>

e  The variance of the Weibull distribution is

a2 =V(X) = 52r<1 +E> — 52 [r(1 +l>]2
B B



Weibull Problem

45.

Suppose that fracture strength (MPa) of silicon

nitride braze joints under certain conditions has

2 Weibull distribution with =5 and §f = 125

(suggested by data in the article “Heat-Resis-

tant Active Brazing of Silicon Nitride: Me-

chanical Evaluation of Braze Joints,” (Welding

J., August 1997: 300s—304s). "

a. What proportion of such joints have a frac-
ture strength of at most 100? Between 100
and 1507

b. What strength value separates the weakest
50% of all joints from the strongest 50%?

¢. What strength value characterizes the weak-

est 5% of all joints?

image



Weibull Practice Problems
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