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Agenda

e Start Chapter 3 lecture
@ New: CDF Practice Problems (assigned 2/13/2025, due
2/18/2025 11:59pm)
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Handouts

@ Chapter 3 Slides
@ Chapter 3 Slides marked
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Random Variable

@ A random variable is a function that assigns a number real number to
each outcome in the sample space of a random experiment.

@ A discrete random variable is a random variable with a finite or
(countably infinite) range. Cﬂ"‘ga"("ée or Gouvd

(/\,é?i e Examples include number of scratches on a surface, proportion of
defective parts among 1000 tested, number of transmitted bits received

in error Se\'s

@ A continuous random variable is a rafidom variable with an interval of
rez\& numbers for its range.

C\@“ Examples include electrical current, Iengttiﬁ)ressure, temperature, time
voltage, weight \ w\) N q‘f
N> \,___,\3\\\ ¥ o“&\,o,
St
> b

5/37
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Lecture 7, February 13

Definitions

There are three terms commonly used in describing the mathematical
relationship between events and probabilities for discrete random variables
Probability distribution

of a random variable is a description of the probabilities associated
with the possible values of X

. = 4\’
Probability mass function PM?' No\.g)‘ivl\ . * \)a(“*k

for a random variable X with possible values x1, x5,

QGG’%:;«,‘? ?( @= P (X = x)

Cumulative distribution fEn::tion C}%F/}(‘B - '?/Xf X 3

of a random variable X is i QT( +§
— ]
— % Y ——

7 - o (lp> 2™

ceey Xp IS
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Probability Distributions

Can be described in three different ways:
© Graphically using a histogram,
@ in a tabular manner, see problem 3.1.13 on page p-15 or,

© using a mathematical function (PMF), see problem 3.1.11 on page
p-15.

Chapter 3 Page 8
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Probability Mass Functions

A PMF for a discrete random variable X with possible values of
m function with the following properties:
o flx)>0 —7 R(X-= x.) Je
n _ 10 \»\ol 4‘&0 o \\ €ve
o Y lif(x)=1 & el o 1%\
W Spiie PP
° f(x;) = P(X = x;)

e 8 /57
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Cumulative Distribution Function

My Jean Biol O P (ye)

There are three special properties that a function must sa}.‘iéfy to be a
cumulative distribution function (CDF):

@ F(X)=P(X<x) =Y, cr f(x) Aelinidion
Q@ 0<F(x)<1
@ If x <y, then F(x) < F(y)

e 057
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Using a CDF

@ Knowledge of the CDF can simplify calculating probabilities

@ Example consider a sample of 20 items and we count the number of

defects, X Wt ave WI\HQ \}a\ues 6¢ X \
e Find P ) EC) ARy
@7ew S OOPITRS, . 0o X € 20,n

20
wyy = M0 > PIX>8)= Y P(X=d7%¢4)
i=9

— Feo) - FB) (TP

This can also be written another way N C,,w«‘om"t

P(X>8)= 1-P(X<8)
- 1— F(8)

@ Care must be taken when using CDF regarding less than or less than or
10/37
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CDF Practice Problems

hdestoe R

—
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Mean and Variance of a Discrete Random Variable

@ The mean or expected value of a random variable (denoted E(X)) is

= Zx,-f(x;)

@ The variance of X is

o’ =V(X)=E Z(Xf f(X;)—Zx2f(x,)—
@ The standard deviation of X is
V(X)

@ Fortunately, we won't often use these formulas. Distributions will have

e 1237
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Bernoulli Distribution

The Bernoulli distribution is one of the simplest statistical distributions.

@ The Bernoulli distribution is a random variable that can take only two
values

@ Usually the events are labelled 0 and 1

@ The distribution is defined by a single parameter p (0 < p < 1), takes
the values 0 and 1 with P( X =0)=1—pand P(X =1)=p
@ The mean is
p=EX)=p
@ The standard deviation is
o =1/p(1-p)
| 13/37
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Summary of Common Probability Distributions (Discrete)

A-4 APPENDIX A Statistical Tables and Charts

f, 3‘ | Summary of Common Probability Distributions i
Probability Section
Distribution Mean Variance in Book
Discrete
Uniform Laso L, preel ol 35
n 2 12
b n
Q @ Binomial [ ]p‘(l -pyr np np(1 - p) 3-6
X
x=0,1,...,n,0<p<1
1 =py! N
Geometric Grered 1/p (1-p)/p’ 37
x=12,..0<p<1
x=1
R A a=-py'p X
Negative binomial r-1 r/p (1 -p)/p 37
x=rr+l,r+2,...,08p<1
K|I[N-K
xfln=-x
np o
Hypergeometric = K np(1 —p)(N ") 3-8
- where p = N N-1

x=max(0,n-N+K), 1, ...
min(K,n),K SN,n <N

QQ (P 150
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Discrete Uniform Distribution

@ A random variable X is a discrete uniform rv if each of the n values in
its range, x1,x2, ..., X, has equal probability

@ The PMF of a discrete uniform is defined to be

1

f(x;) =~
() =
@ If the discrete uniform random variable is defined on the consecutive
integers a,a+ 1,...,b for a<b. The mean is
b
p=EX) =22

and the standard deviation is

[(b—a+1)2—1
| 15 /37
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Problem 3.80

3-80. 6 The lengths of plate glass parts are measured to the
Dearest tenth of a millimeter. The lengths are uniformly dis-
tributed with values at every tenth of a millimeter starting at
590.0 and continuing through 590.9. Determine the mean and
Variance. of the lengths.

Figure 1: Problem 3.80

Chapter 3 Page 17
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Binomial Distribution

@ A very common and important distribution. See examples on pages 80

@ A binomial experiment is an experiment consisting of n repeated trials
such that

© the trials are independent
© each trial results in a Bernoulli outcome

© the probability of success on each trial, denoted as p, remains constant

@ To be a binomial distribution, the sampling must be done with
replacement. In some situations, the binomial distribution can be
used when the sampling is done without replacement

e 17/37
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Binomial Distribution

@ The binomial PMF is

n _ n!
where ( « ) = (=)l

@ The mean of a binomial random variable is

p=E(X)=np

@ The standard deviation of X is

o =1/np(1—p)
] 1837
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Example Problem

Scche: HDV‘";jOMe'}j, R“‘;‘je"‘, uu be \e (07004-\
Evg ineeri ng StehisHic S |

(a) Sketch the probability mass function of X.

(b) Sketch the cumulative distribution.

(c) What value of X is most likely?

(d) What value(s) of X is (are) least likely?

3.79. The random variable X has a binomial distribution with
n = 20 and p = 0.5. Determine the following probabilities.

(a) P(X = 15) (b) P(X = 12)

(c) PX=19) (d) P13 =X<15)

Wlative distribution function.
19/37
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Excel Formula for Binomial Example

Problem 3-79
| A B C
_{_ x NS
1o ;
1 “BINOMDIST(A3.20,0.
2 ,2005FALSE) =B
(518 ___|=BINOMDIST(AS.200.5FALSE) |
[ 814 == IISTAS 20, 0.5 FALSE) |
- 5 ~ |=BINOMDIST(A7,20,0.5.FALSI
]0 .20,0. 3]
7 ——
s
1o [ !
1210 (A12.20,0.5,FALSE)
] (T | "BINOMDIST(A13,20,0.5,FALSE)
1412 |=BINOMDIST(A14,20,0.5,FALSE) X
1513 mgé‘smosFM&msrugfvm.
16|14
7[15
18|16
1917 -amomsry_mzoosm
20|18 == |=BINOML 0.5 E) _|=BINOMDIST(A20.20.0.5.TRUE) |
21]19 =BINOMDIST(A21.20,0.5,FALSE) |=BINOMDIST(A21.20,0.5, TRUE) |
22|20 =BINOMDIST! .0.5.F) [=BINOMDIST(A22.20,0.5, TRUE)

e 20/37
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Cumulative Binomial Probability Tables

APPENDIX A Statistical Tables and Charts A7

0 02288 00440 00068 00008 00001 00000 00000 00000 00000 00000 00000
1 05846 01979 00475 00081 00009 00001 00000 00000 00000 00000 0.0000
2 08416 04481 01608 00398 00065 00006 00000 00000 00000 00000 0.0000
3 09559 06982 03552 01243 00287 00039 00002 00000 00000 00000 0.0000
4 09908 08702 05842 02793 00898 00175 00017 00000 00000 00000 0.0000
5 09985 09561 07805 04859 02120 00583 00083 00004 00000 00000 00000
6 09998 09884 09067 0.6925 03953 01501 00315 00024 00000 00000 0.0000
7 10000 09976 009685 08499 06047 03075 00933 00116 00002 00000 0.0000
8 10000 09996 09917 09417 07880 05141 02195 00439 00015 00000  0.0000
9 LODOD 10000 09983 09825 09102 07207 04158 01298 00092 00004 00000
10 10000 10000 09998 09961 09713 08757 0648 03018 00441 00042  0.0000
11 10000 10000 1.0000 09994 09935 09602 08392 05519 01584 00301 00003
12 10000 10000 10000 05999 09991 0919 09525 05021 04154 01530 00084
13 10000 10000 10000 10000 09999 09992 09932 09560 07712 05123 01313

1 05490 01671 00353 00052 00005 00000 00000 00000 00000 00000 00000
2 08159 03980 01268 00271 00037 00003 00000 00000 00000 00000 00000
3 09444 06482 02969 00905 00176 00019 00001 00000 00000 00000 0.0000
4 09873 08358 05155 02173 00592 00093 00007 00000 00000 00000 0.0000
S 09978 09389 07216 04032 0.1509 00338 00037 00001 00000 00000 0.0000
6 09997 09819 08689 06098 03036 00950 00152 00008 00000 00000 0.0000
7 10000 09958 09500 07869 05000 02131 00500 00042 00000 00000 0.0000
B L0000 09992 09848 09050 0694 039%2 01311 00181 00003 00000 0.0000
9 10000 05999 09963 09662 08491 05968 02784 00611 00022 00001  0.0000
10 10000 10000 09993 09907 09408 07827 04845 01642 00127 00006  0.0000
I 10000 10000 05999 09981 09824 09095 07031 03518 00556 00055  0.0000
1210000 10000 1.0000 09997 09963 09729 08732 06020 01841 00362 00004

14 10000 10000 10000 10000 10000 09995 09953 09648 07941 05367 01399

103917 00692 00076 00005 00000 00000 00000 00000 00000 000 0.0000
2 06769 02061 00355 00036 00002 00000 00000 00000 00000 00000 0.0000
3 08670 04114 01071 00160 00013 00000 00000 00000 00000 00000 0.0000
4 09568 06296 02375 00510 00059 00003 00000 00000 00000 00000 00000
5 09887 08042 04164 01256 00207 00016 00000 00000 00000 00000 0.0000
6 09976 09133 06080 02500 00577 00065 00003 00000 00000 00000 00000
7 09996 09679 07723 04159 04316 00210 00013 00000 00000 00000 00000
8 0999 09900 08867 05956 02517 00565 00051 00000 00000 00000 0.0000
9 10000 09974 09520 07553 04119 01275 00171 00006 00000 00000 00000
10 10000 09994 09829 08725 05881 02447 00480 00026 00000 00000 0.0000
1 L0000 09999 09949 09435 07483 04044 01133 00100 00001 00000  0.0000
12 L0000 10000 09987 09790 08684 05841 02277 00321 00004 00000 0.0000
13 L0000 10000 09997 09935 09423 0750 03920 00867 00024 00000 0.0000
4 L0000 10000 10000 09984 09793 05744 05836 01958 00113 00003  0.0000
15 L0000 10000 L0000 09997 0991 09490 07625 03704 00432 00026 00000
16 10000 10000 10000 10000 09987 09840 08929 0.588 01330 00159 00000

e - - 21/37
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Binomial Practice Problems J

e 237
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Hypergeometric Distribution

The hypergeometric distribution is one of the commonly occurring
distributions in quality.

@ A random variable is hypergeometric when a set of N objects contains
e K objects classified as successes and
e N — K objects classified as failures

e a sample of size n is selected without replacement from the N objects,
where K < Nand n< N

e 2337
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Hypergeometric Distribution

@ The hypergeometric PMF is

@ The mean of X is

E(X)=p=np

@ The variance of X is

7 = V(X) = (1 - p) [ 1]

Chapter 3 Page 25
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Hypergeometric Example Problem

ije.-a oo motric E:_‘ﬁa-*LPlQ
392, Printed circuit cards are placed in & funcliomal rest
after being populated with semiconductor chips. A lot contains
140 cards, and 20 are selected without replacement for funce
ticeal testing,
(@) I 20 cards ars dmmw_ whiat is the probability that at
least | defective cand is in the sampie?
(5) IF5 cans are defesive, what s ﬂvrpmbu.hﬂlymullznl
| defecievecand appears in the ssnple?

e~ a0ed).
A@J nl fmw s .{%..5 i(

Egincers

fots = Yo, r=20

pde) k=20, PLx»]= [-Plx=0)
rfo\ ( j (E;l:::ooj A 0.0356

(5

PLeyi] = 1-0356 = G4y

@,}L\ k=5, i PLx71] = |- D(x=0)
)= p

1;5) )

- 0457l

PLxy1]= V= 4571 = 5429

e 25 /37
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Excel for Hypergeometric Example

H\a perges mane Eve .,@].Q

) Flx)
04571 04571
03940 08511
01280  0.9790
00195  0.9986
0.0014  1.0000
0.0000  1.0000

Excel Gode

nawN-sOx
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Binomial Approximation to the Hypergeometric Distribution

@ The mean and variance of the hypergeometric and binomial
distribution are very similar. The variance only differs by the finite
population correction factor,

N —n
N -1

e Sampling with replacement is equivalent to sampling from an infinite
set (without replacement) because the proportion remains constant

@ If nis small relative to N, then the finite correction is negligible and
the binomial distribution can be used as an approximation to the
hypergeometric.

@ A rule of thumb is to use this approximation when N/n > 20.

e 27 /37
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Geometric Distribution

@ Montgomery and Runger (2003) define a geometric random variable to
be the number of trials until the first success of a series of independent
Bernoulli trials, with constant probability p of success

@ The PMF of a geometric distribution is

f(x)=(1-p)tp, x=1,2,...

@ The mean of a geometric random variable is

1
1= E(X) = —
/ (X) 5

@ The variance of a geometric random variable is

1 —
0'2 = V(X) = _9p _
|

Chapter 3 Page 29
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Geometric Distribution Example

G(% me+p{c b:f:",_fl I}‘{"“l‘da EXQMPJQ

I 5.72. Suppase the random variable X has a geometric
distribution with a mesn of 2.8, Determize the following
probabilicies:

(a) PLY=1] (b} PX=4)
() ¥ =5) (@) PX=3)
e) P = 3)

Soune: Mostgermery JRu f:f:lﬂosﬁ.
haplied Stadistics fnoh. ity Lo
Ergineers

|
Nete F=i=28 =7
HFO N0y (ho o = o

At @) PO53)s Dl +P(x=2) Pl 3

-P(KZQB: (!-.‘}‘fh{.l-i = 0.4
Px=3) = (= = ooy
Pl £3)= 4+ + 0w = 734

Parke Pl73): J-(p(x:f}»rm:a))

=1-(4q +2a4)
= 36

29 /37
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Negative Binomial Distribution

@ Montgomery and Runger (2003) define a negative binomial random
variable to be the number of trials until r successes are observed of a
series of independent Bernoulli trials, with constant probability p of
success

@ The geometric distribution is a special case of the negative binomial
distribution with r =1

@ The PMF of a negative binomial distribution is

—1
f(x) = ( );_1 )(lp)"’p’, x=r,r+1,...

@ The mean of a negative binomial random variable is

r
ﬂ=EX - —
(X) p

] o
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Negative Binomial Example

Ne(“]a}k)e, El‘!\omin.l b:&“f;hu}'\om-

B As electronic scale in an sulomated filling cperation
P ing line after gt paciages.

are detected. Suppase that the probability of an underweight

package is 0.001 and each fll 1 independent.

(a) What is the mean number of fills before the line i

fh)whlis»mewm»oﬂofmnnm’ofﬁlh
before the line is stopped?

Source: n:‘(pnﬁ& Q’Ruﬁe—(&oub\4 A’n‘(a!
Sedhichics A?m\)qb;m} Lor Engineers.

d r=3, p=o0.00l
-+ 3

}): ,_;;_ =k S 3000

’d}‘}*\b °'=\:—(“?;\I_‘) =\ ___,—-3(";30"'2 = l'73}’8

e 31/37
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Poisson Process

@ The number of events over an interval (such as time) is a discrete
random variable that is often modelled by the Poisson distribution

@ The length of the interval between events is often modeled by the
(continuous) exponential distribution

@ These two distributions are related

e s2/37
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Poisson Process

@ The number of events over an interval (such as time) is a discrete
random variable that is often modelled by the Poisson distribution

@ The length of the interval between events is often modelled by the
(continuous) exponential distribution

@ These two distributions are related

e 5337
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Poisson Process

Assume that the events occur at random throughout the interval. If the
interval can be partitioned into subintervals of small enough length such that

© The probability of more than one count in a subinterval is zero

@ The probability of one count in a subinterval is the same for all
subintervals and proportional to the length of the subinterval, and

© The count in each subinterval is independent of other subintervals, the
random experiment is called a Poisson process

34 /37
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Poisson Distribution

If the mean number of counts in the interval is A > 0, the random variable
X that equals the number of counts in the interval has a Poisson
distribution with parameter \

@ The Poisson PMF is

e—)\ X

f(x) = ., x=0,1,2,...

x|

@ The mean of a Poisson random variable is

E(X)=p=2A

@ The variance of a Poisson random variable is

e 5537
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Poisson Practice Problems J

e 56/37
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Poisson Example

Prisson Eyomple.

3100, When netwark cards ae communicating, bits can

occasionally be cormupted in tansmission. Engineers have

determined that the number of kit in error follows 1 Poissan

distribution with mean of 3.2 hitskh (per kilobyte).

{3) What is the probability of $ bits being in error during the
transmissica of | kb?

{b) Wt it the probability of § hiss being in error during the
transmission of 2 kb?

() What is the probability of na erros bats in 3 kb?

Seurte: m*a.uy,'n.v,_l Hhebele ( 2204} |
E-'&;ﬂfcf;? Statishies

e Lot =) N=3.2

-3.2 5
#y: oy

pAD) el Pix=8) note Nl chaged L [I4R +o 20D

sz al3d =4

£rey=e %" _ o6
g!

('P-.J'c\ 'Cl\nczf D(X:U) M€ X Lmids c-La_vp/ CE‘QI.M_-
\=3(32)= 9.4

RS
- —9.b
C’(D\ = € 46 - e 9 = 0'000',

_—_

sl

I /37
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Probability distribution
Thursday, February 13, 2025 11:19 AM
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Py 78) =\ = F(2)
& FQ(Y7/5’> - \—F/Zﬂ

s 23 = ¥ SRNRCREN

& Vv = FO
\7Vz\; — Yé;o)k),..)/cﬁ
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'I('ifsiayl:,)zbruaryli 2025  11:43AM @ [X> c.\ or 2 _/7 \ — ﬁ/7>
P (V> h)
Let X be a random variable with cumulative distribution function, Fix). Find P(X<17). f—’/’,
) Es7=FTEY 7

\‘7\“’?0\'»-»@ 0/3/ P)
clipping taken: 2/13/2025 11:43 AM Q/

= DRSS
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Thursday, February 13, 2025 11:49 AM

QUESTION 3

Let X be a random variable with cumulative distribution function, F(x). Find P(X <=13).
O 1-F(13)

@UUD

O F12)
O 1-F(12)

Screen clipping taken: 2/13/2025 11:49 AM \
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Thursday, February 13, 2025 11:51 AM

QUESTION 5

Let X be a random variable with cumulative distribution function, F(x). Find P(X>=3). / y >/ %B - \ - i (0/25
O FH2) g

O F3)

O H3)-F2)
v 1-F2).
O 1-F3)

Screen clipping taken: 2/13/2025 11:51 AM
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QUESTION 7 (
Let X be a random variable with cumulative distribution function, F(x). Find P(X>35). @ />( 7 % 7 7 l - i %’5/

O F(35)

O 1-F34)

O 1-K(35).

O F(35) - F(34).
O FH34)

Screen clipping taken: 2/13/2025 11:53 AM
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Thursday, February 13, 2025 11:56 AM

QUESTION 9

Let X be a random variable with cumulative distribution function, F(x). Find P(X=21).
O 1-F21) =

o=\ -~ ¥ (21) — ¥ (é@

O F21)

Screen clipping taken: 2/13/2025 11:56 AM
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