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MANE 3332.03 Lecture 7, February 13

Random Variable

e A random variable is a function that assigns a number real number to
each outcome in the sample space of a random experiment.

@ A discrete random variable is a random variable with a finite or
(countably infinite) range. Ca,\eanr\'éo. or Gt

(/\é?( e Examples include number of scratches on a surface, proportion of
defective parts among 1000 tested, number of transmitted bits received

in error Se,\'s
@ A continuous random variable is a ranﬁvariable with an interval of
rea& numbers for its range.

C\\é{( Examples include electrical current, length, pressure, temperature, time
voltage, weight \)J\ \)\ \‘% ﬁol
\
\ v
P pe
0/
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Lecture 7, February 13

Definitions

There are three terms commonly used in describing the mathematical
relationship between events and probabilities for discrete random variables

Probability distribution

of a random variable is a description of the probabilities associated
with the possible values of X

ol
Probability mass function PMQ’ NO ol . \}‘ ary!
for a random variable X with possible values x1,x2,...,%, is
Qb\”%;,-? % Flxl= P (X = x) J

_gjmulativegistribution fl_Jnction %F/XS - ?/Xi X )
of a random variable X is %( \,_\
-z '
i[v\ DIV = N D ¥ X -

5 - b (LpN PP ‘?{:Y.- L ()

\)

\
-
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Lecture 7, February 13

Probability Distributions

Can be described in three different ways:
@ Graphically using a histogram,
@ in a tabular manner, see problem 3.1.13 on page p-15 or,

@ using a mathematical function (PMF), see problem 3.1.11 on page
p-15.
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MANE 3332.03 Lecture 7, February 13

Probability Mass Functions

A PMF for a discrete random variable X with possible values of

function with the following properties:
o f)>0 —7 Q(X=x) . 0\ o
~ + a
o M0 f(x)=1 £ Yokl geblliTy, o \
° f(X'}l= P(X = x) v Spie i o )
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MANE 3332.03 Lecture 7, February 13

Cumulative Distribution Function

Mo Jean R0l P i)

There are three special properties that a function must sal'iszi))( to be a
cumulative distribution function (CDF):

@ F(x)=P(X <x) = Toer () Aelinibion
@0<F(x)<1
@ If x <y, then F(x) < F(y)

Chapter 3 Page 9
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MANE 3 Lecture 7, February 13

Using a CDF

e Knowledge of the CDF can simplify calculating probabilities

@ Example consider a sample of 20 items and we count the number of

defects, X Wt ave G)»sﬂ‘He \},\ug of X §
o Find P(X ;9} 50,14 -,
T evenl %Ox\\“';?,\?ﬁ,“-;v;; A& e A\’E

T DOLEX P(X >8) = % P(X = ¥~ (4

i=9
F(20) - F(8) @

This can also be written another way N c,mqo”w

P(X>8)= 1-P(X<8)
= 1 - F(8)

@ Care must be taken when using CDF regarding less than or less than or
1037
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CDF Practice Problems

Mtedoe |- R

P
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MANE 3 Lecture 7, February 13

Mean and Variance of a Discrete Random Variable

@ The mean or expected value of a random variabl @e oted E(X)) is
& qoe & Ule i
n

,u:E(X):ZX;f(X:‘} (61
a\<\‘)M vaAs

@ The variance of X is

0% = V(X) = E(X = u)* =Y (xi — n)*f(x) = ing(xf) —u

ewue(uw;jlc\( Ao a'ﬁ ,'“M,,,(Z alv,(,.,&gmw

@ The standard deviation of X is

o=/ V(X)

@ Fortunately, we won't often use these formulas. Distributions will have
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MANE 3 Lecture 7, February 13

Bernoulli Distribution

The Bernoulli distribution is one of the simplest statistical distributions.

@ The Bernoulli distribution is a random variable that can take only two
values \—\W/%Q @\/W) 570061 /&a@) 5115,95/&'[*"‘

@ Usually the events are labelled 0 and 1

@ The distribution is defined by a single parameter p (0 <
the values 0 and 1 with P(X =0)=1—p and P(X =

e The mean is ¥ (e Ré»t““

>

= = o -
p=EX)=p ?‘)(; Q(x,\ - o(\-e\
@ The standard deviation is o\ (@) :ﬁ

S — 13/37
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Probability
Distribution

N 2
ik Loy ¢+ (b-a+1) -1 o2
n 2 12
n
Q@ Binomial l ]p'll—,n"' np npil = p) 36
x
x=01.,n0<p<1
(1 =pr! "
Geometric 2, \p (1 - p/p? 37
x=12,..0<p<!
x=1
a=-p'p .
Negative binomial r=1 r/p 1 -p)/p* 37
x=rr+lr+2,..,08p<1
K|IN-K
x n-x
N np N-n
H: metric . U 3.
ypergeometric i wm“% it -p) (5=7) 8

x=max(O,n - N+ K),1,..
min(K,n),K SN.n<N

QQ @*@ T OSoN-
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MANE 3 Lecture 7, February 13

Discrete Uniform Distribution

@ A random variable X is a discrete uniform rv if each of the n values in
its range, xq,x2, ..., X, has equal probability

@ The PMF of a discrete uniform is defined to be

f(x.-)=% fov Varerto of W

o If the discrete uniform random variable is defined on the consecutive

integers a,a+1,..., b for a < b. The mean is
b+ a
p=EX)=—

and the standard deviation is

\i(b —adt 1 2 _
15 /37
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MANE 3332.03 Lecture 7, February 13

Problem 3.80

3-80. o The lengths of plate glass parts are measured to the
Nearest tenth of a millimeter. The lengths are uniformly dis-
tributed with values at every tenth of a millimeter starting at
590.0 and continuing through 590.9. Determine the mean and
‘_‘W_ianci of the lengths.
LD . o Cta > O “B "—ﬁ \{\ s ) O
\"\é ? 516 ig‘)’ujeolz‘ F’rf)b!em 5305
\ Al ﬂ

\
Lov el UNR N: /2; be,(/w/\l %

Lee pot Conceadve V\W \ ‘\,
2 S}(\;{\'f P
Nz ;;’)(.' BP%
= (f‘?ooo ¢5T0) = - - ST05)
(e —————r) 1637
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Lecture 7, February 13

Binomial Distribution

@ A very common and important distribution. See examples on pages 80

@ A binomial experiment is an experiment consisting of n repeated trials
such that

@ the trials are independent
@ each trial results in a Bernoulli outcome
© the probability of success on each trial, denoted as p, remains constant

@ To be a binomial distribution, the sampling must be done with
replacement. In some situations, the binomial distribution can be
used when the sampling is done without replacement

Chapter 3 Page 17



MANE 3332.03 Lecture 7, February 13

Binomial Distribution

@ The binomial PMF is Q\'V?'\"% A Lol a

n L0um¥\\% A UF »\%4
f(x) = ( N )P"(l —p)"

n _ n!
where ( x ) — x!(n—x)!

@ The mean of a binomial random variable is
p=E(X)=np

@ The standard deviation of X is -2
g =" \P( I- P>

o =/np(1—p)

Chapter 3 Page 18



Lecture 7, February 13

Example Problem

So.wce‘. W"‘"‘?Omev’g, Ruvgjew‘ uube le (2004\
Evg ineering SteehisHics

(a) Sketch the probability mass function of X.
(b) Sketch the cumulative distribution.

(c) What value of X is most likely?

(d) What value(s) of X is (are) least likely?

3-79. The random variable X has a binomial distribution with
n = 20 and p = 0.5. Determine the following probabilities.

(a) P(X=15) (b) P(X = 12)

(c) PX=19) (d P13 =X<15)

Wlative distribution function.

19/37
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Excel Formula for Binomial Example

Teoblem 3-79

SSS—— 20/31
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Cumulative Binomial Probability Tables
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Binomial Practice Problems J

—— 2/5
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MANE 3332.03 Lecture 7, February 13

Hypergeometric Distribution

The hypergeometric distribution is one of the commonly occurring
distributions in quality.

@ A random variable is hypergeometric when a set of N objects contains
o K objects classified as successes and
o N — K objects classified as failures

e a sample of size n is selected without replacement from the N objects,
where K < Mand n< N

r//‘

Chapter 3 Page 23



Hypergeometric Distribution \\\{ Vs <ed 128>
@ The hypergeometric PMF is \6110‘
\ < 908 W

))Cao{ 360
o L0) s
T \W_af Nf‘tfﬁ

—\—
i g8
E M 203% — %00
(X)=p=npx q @( 36‘0\ ( g4
o The variance of X is f [,é) 3 6 G

7 = V() = (- p) [ ' }5;?”>

@ The mean of X is

o6
= Y\()’i)\: s &035\\ - é/(D/D'



Hypergeometric Example Problem

o
(1 é [
K ) N,l . :
v R
5'° 3;1..; sﬁmm bl M&:‘]
N\ Emincersy
) ?()( R /) = %_o‘\:('\ fects N = Mo, w=ao
pigy B k=30 0 70
< \-

Ifoﬁ:_(Ml - 00156
(5)
P=Ih - PLonl] = 1-0356 = Gquy
< P LY k=g, Feed PLxz 1] = |- Blx=0)
PG x> 1) s Z Fa) ¢ o)
NPE )
P[K?;l-]: |~ 452 = 5429

- 0457
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MANE 3332.03 Lecture 7, February 13
Excel for Hypergeometric Example

Hypergesmetric Erawgle

savmion
2
L
4
2

SSS—— 2%/31
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Lecture 7, February 13

Binomial Approximation to the Hypergeometric Distribution

@ The mean and variance of the hypergeometric and binomial
distribution are very similar. The variance only differs by the finite

population correction factor,
- N
o N
N—n \ N -\

N—-1

e Sampling with replacement is equivalent to sampling from an infinite
set (without replacement) because the proportion remains constant

the binomial distribution can be used as an approximation to the

o If nis small relative to N, then the finite correction is negligible and
%{ aq P.)bCX;O
hypergeometric.

Jo 8>

o A rule of thumb is to use this approximation when N/n >20. - 7 % — 83\3
/ ~
725"
I 27/37 ‘\//

e \L +e OGJPnyW
Lk dicik
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Lecture 7, February 13

Geometric Distribution

@ Montgomery and Runger (2003) define a geometric random variable to
be the number of trials until the first success of a series of independent
Bernoulli trials, with constant probability p of success

@ The PMF of a geometric distribution is )ef Y= 3

=2 . FFS
eFF = oy
g f(x)=1-p) p, x=12,...

@ The mean of a geometric random variable is

Chapter 3 Page 28
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Geometric Distribution Example

G’{-bmq‘l:-rfr. b6+f| J)Hu'o-\ E)fq-.l)fe
fam wurmm:l\vrn.-xly.-w - N: 3 {

oot

]
=7 Pras-oHd

\
__q)\k [l'\\ 4:?_};\ =iy = (g s (et - oY 7
“ E\ £6Y 4+ HD) '
' > 2
foed &) Ple3)= hf_’ﬂ Ileen) 1302 1Y) +0(t=0)
¥ puy‘-b

\ of

Ph=ad= (-4 = o4
Prr=3 T (- Y= ooy
Ply 3y 4 +24 + 4 = T34
Parte, Plyz3dz |- (pa=i) +'P<a:a)£ + W"5))
1-{4 i—.:wi\—.l"N
2 = 0.%l
/
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MANE 3 03 Lecture 7, February 13

Negative Binomial Distribution

o Montgomery and Runger (2003) define a negative binomial random
variable to be the number of trials until r successes are observed of a
series of independent Bernoulli trials, with constant probability p of

success
@ The geometric distribution is a special case of the negative binomial
distribution with r =1

@ The PMF of a negative binomial distribution is

f(x) = ( ):_; )(l—p)"_rpr: x=r,r+1,...

@ The mean of a negative binomial random variable is

n=E(X)=-

Chapter 3 Page 30

p
30,37



MANE 3332.03 Lecture 7, February 13

Negative Binomial Example

Wegdive Binomial Disteibuton

Q= oo\ o T T

T
a o T relry -
=

wappud?
T o L prpepe———
betore e e 1 g

Soure: Mtpmer d Rungerlpoe) Aplin!
Sdistics 4 Prebabiliby. for Engineers.

P'_*‘\ r=3, p=o.0el
P _‘P__—_-%o' : 3000

D oo BT - [, 73118
()(x:uo\ < - ()‘C-:\ ¢ ("_9\{,,
1023
= l\ (.ob\\3 ("'""\

z 3.5 0~ %

31/37
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Lecture 7, February 13

Poisson Process

@ The number of events over an interval (such as time) is a discrete
random variable that is often modelled by the Poisson distribution

@ The length of the interval between events is often modeled by the
(continuous) exponential distribution

@ These two distributions are related

Chapter 3 Page 32
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Lecture 7, February 13

Poisson Process

@ The number of events over an interval (such as time) is a discrete
random variable that is often modelled by the Poisson distribution

@ The length of the interval between events is often modelled by the
(continuous) exponential distribution

@ These two distributions are related

Chapter 3 Page 33
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Lecture 7, February 13

Poisson Process

Assume that the events occur at random throughout the interval. If the
interval can be partitioned into subintervals of small enough length such that

@ The probability of more than one count in a subinterval is zero

@ The probability of one count in a subinterval is the same for all
subintervals and proportional to the length of the subinterval, and

© The count in each subinterval is independent of other subintervals, the
random experiment is called a Poisson process

Chapter 3 Page 34



MANE 3 03 Lecture 7, February 13

Poisson Distribution Ny }\»9 . 6?»7%@ G}rvam

If the mean number of counts in the interval is A > 0, the random variable
X that equals the number of counts in the interval has a Poisson

distribution with parameter A >\ \ \gﬁku,
— [«

@ The Poisson PMF is

Ay x
)= x=012..

@ The mean of a Poisson random variable is

E(X)=p=2AX \)\\I\\\%\&/

@ The variance of a Poisson random variable is

\
V(X)=02= 2\ gwg %\

Chapter 3 Page 35
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Poisson Practice Problems J

" 36 /31
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Poisson Example

Poisson Eample
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Random variable

Thursday, February 13, 2025 11:05 AM
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Probability distribution
Thursday, February 13, 2025 11:19 AM

o “~
Q%\}\\\\\ B fv/\
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Cdf rules Nz 1o a
Thursda: . yé ZO\])J_Z§

Py 78) =\ = F(2)
& FQ(Y7/5’> - \—F/Zﬂ

s 23 = ¥ SRNRCREN

& Vv = FO
\7Vz\; — Yé;o)k),..)/cﬁ

@ @/Y:/?S — r(’% \;:_—(,jr>

yéio‘...))gg \(5’?0)-")%
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'I('ifsiayl:,)zbruaryli 2025  11:43AM @ [X> c.\ or 2 _/7 \ — ﬁ/7>
P (V> h)
Let X be a random variable with cumulative distribution function, Fix). Find P(X<17). f—’/’,
) Es7=FTEY 7

\‘7\“’?0\'»-»@ 0/3/ P)
clipping taken: 2/13/2025 11:43 AM Q/

= DRSS
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Cdf pp

Thursday, February 13, 2025 11:49 AM

QUESTION 3

Let X be a random variable with cumulative distribution function, F(x). Find P(X <=13).
O 1-F(13)

@UUD

O F12)
O 1-F(12)

Screen clipping taken: 2/13/2025 11:49 AM \
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Cdf pp

Thursday, February 13, 2025 11:51 AM

QUESTION 5

Let X be a random variable with cumulative distribution function, F(x). Find P(X>=3). / y >/ %B - \ - i (0/25
O FH2) g

O F3)

O H3)-F2)
v 1-F2).
O 1-F3)

Screen clipping taken: 2/13/2025 11:51 AM
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Cdf pp

Thursday, February 13, 2025 11:53 AM

QUESTION 7 (
Let X be a random variable with cumulative distribution function, F(x). Find P(X>35). @ />( 7 % 7 7 l - i %’5/

O F(35)

O 1-F34)

O 1-K(35).

O F(35) - F(34).
O FH34)

Screen clipping taken: 2/13/2025 11:53 AM
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Cdf pp

Thursday, February 13, 2025 11:56 AM

QUESTION 9

Let X be a random variable with cumulative distribution function, F(x). Find P(X=21).
O 1-F21) =

o=\ -~ ¥ (21) — ¥ (é@

O F21)

Screen clipping taken: 2/13/2025 11:56 AM
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Binomial pp

Tuesday, February 18,2025  11:55 AM \(\-, | l'\ ) P‘-. 7

QUESTION 1

_ — ( 23\ — F (. JLB
Let X be a binomial random variable with parameters: n=14 and p=0.9. Find P(X=3). X{ —

() The correct answer is not provided.
© 0.6448

O 09958 — C) - O

o010
© 0.0001

O 03018 —
— ( )

Screen clipping taken: 2/18/2025 11:56 AM
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Binomial pp

Tuesday, February 18, 2025 12:00 PM

QUESTION 3

Let X be a binomial random variable with with parameters: n=14 and p=0.4. Find P(X>==9).

0 (yy,7) = | - F(3)

S =LAz

) 0.9825

Screen clipping taken: 2/18/2025 12:01 PM e - E
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Binomial pp

Tuesday, February 18, 2025 12:04 PM (\ - 2\ ) Q-) —. 2

QUESTION 5 /
Let X be a binomial random variable with with parameters: n=2 and p=0.2. Find P(X<1). 0> >( 4 i - @ (X < O> : ' /0
- ~—

) 0.32
) 064
() The correct answer is not provided. : » 6L,
O 036

} 0.96 -
) 0.04

Screen clipping taken: 2/18/2025 12:04 PM

G uesHion
£ = CP/ L =
P(X%0) L/ﬁ

6.0
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Binomial pp

Tuesday, February 18, 2025 12:07 PM

QUESTION 7

Let X be a binomial random variable with with parameters: n=20 and p=0.6. Find P(X<=14).
() 01244

o Py o

O 0.8725

—_—

Screen clipping taken: 2/18/2025 12:08 PM
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Binomial PP

Tuesday, February 18, 2025 12:10 PM

QUESTION 9 &( ,\ ‘_,(;(‘9.\4' (ﬂ’-—%

Let X be a binomial random variable with with parameters: n=3 and p=0.1. Find P(X>0). &

Ptyso) = |-Fle
= |- Fa90

2 Z (D

‘:/ AHT&{/‘B
2

Screen clipping taken: 2/18/2025 12:10 PM
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Poisson Practice Problem

Tuesday, February 25, 2025 11:08 AM

QUESTION 1 S; (7‘\, e__jﬁ

Let X be a Poisson random variable with parameter: lambda = 4.442. El(ﬂ{ﬂ P(x=0).
1.0

(O The correct answer is not provided. P/X :o\ = ,C /6)

O) 0.9882 .0

- L
O 0.0217 e }'LM'?M
O 00118
5 ,ﬁc"./

0.0 -
o -1442

Screen clipping taken: 2/25/2025 11:09 AM T L0 IR
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Poisson Practice Problems

Tuesday, February 25, 2025 11:11 AM

y X653 .3

Let X be a Poisson random variable with with parametey/lambda=3.561. Find P(X=1).

O 0.9716 / o P
() The correct answer is not provided. P X>’3 - ){JF x)
—_—

f} ﬁ?ﬁi F/x)= COF = 1-YO)
O 0.1296 Jelieitio P/)/é;)
= - i 9&3*1”'%

QUESTION 3 - \,,o\\'}\

4

Screen clipping taken: 2/25/2025 11:12 AM _C./ﬁ): e-s # /S ‘5"/\0 -0 OD?L”
6! |
. : 7 !
P“B: e_sﬁl(g.)(;\ - '/O//Z
| ! - =
- - ( .oas FIOURN =] - 10959
= . gFoy2
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Poisson practice problem

Tuesday, February 25, 2025 11:17 AM

QUESTION 5

Let X be a Poisson random variable with with parameter: lambda=4.172. Find P(X<=0).

(0 The correct answer is not provided.

O 0.0 172 )
L LU —— P(Yi- 0) = S\? &5) - (4).12)

If.-J\ 1.0 O "

C) 0.1137 - O)S‘L)L

O 0.9846

Screen clipping taken: 2/25/2025 11:18 AM
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Poisson Practice problems

Tuesday, February 25, 2025 11:20 AM

QUESTION 7
Let X be a Poisson random variable with with parameter: lambda=3.856. Find P(X<1).
O 1.0 YXso,ly), ... Ye {0}
) 0.0816
) 0.8973 -
_ pex<i= 0o
) 0.9788

(0 The correct answer is not provided.

O 0.1027
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QUESTION 8 ~ )(:o)\\’a'...

Let X be a PDiS@dDm variable with with parameter: lambda=2.906. Find P(X<2).
(O The correct answer is not provided.

) 0.7864 P(
X(z)
() 0.2309
(O 0.5554 \’ Xé Zo‘g
O 04446 P ry<a\ = £\ + L)
1.0
B X T o
( = oG
¥ )= C (27 < .0546%
Screen clipping taken: 2/25/2025 11:23 AM o |
- -A.0¢ !

)!
frxe2)= § @)rLA)

T osHUET . /5S5Y
= . 21363
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QUESTION 9

Let X be a Poisson random variable with with parameter: lambda=2.914. Find P(X>=2).

O 0.2124 D (Y
(O The correct answer is not provided. 2 J) 1.’
O 05573 \_7 X€i9,% ,3

O 0.2304 P (x >,1X = I- Ep/"} f“F//g

) 0.6764
O 0.4427 <294 )
Q =< @.5n) c oS
Screen clipping taken: 2/25/2025 11:31 AM O!
= e 29 (a5)'
£O) = i = . /59
Prx%a) = /-] .0sm¢ +.s60] | |

- . 02826
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