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Continuous Random Variable

@ The probability distribution of a random variable X is a description
of the set of probabilities associated with the possible values of X

@ Density functions are commonly used in engineering to describe
physical systems. ( | Q )4,,_ Mesgure At i1sG reed >

e A probability density function f(x) can be used to describe the
probability distribution of a continuous random variable o2
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Probability Density Function

o Notice the difference from a discrete random variable
@ The formal definition of a probability density function is 3 function
such that éL\Mp <3

Q f(x)>0 rPo Sm-@
eP(&'SXSA’J)=fff(x)a'x all y
| 442
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o s>

@ Any interesting property of continuous random variables is

Probability Density Function

Px1 <X <x)= Plx1<X<x)=Px<X<x)
= P(x; < X < x2)

@ Does not apply to discrete random variables
@ Explanation

‘_ﬁ_ f %g LP( qure d s

dotig +ha
G ¥ =a Lul’\é’f\ Y@
I 5, G

O———O
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Cumulative Distribution Function
The cumulative distribution function for a continuous random variable X is

X

Fo=PX<x)= [ f()dy

—0oC

D /a2
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Mean and Variance of a Continuous Random Variable
@ The mean value of a continuous random variable is defined to be

oo
= E(X)= / xf(x) dx
@ The variance of a continuous random variable is defined to be
0? = V(X) = E(X — p)?
= / (x — p)*f(x) dx = / x2f(x) dx — p?
o =D J—00

@ The standard deviation of X is

o =4/ V(X)

L 7/42
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Continuous Uniform Distribution

The continuous uniform distribution is the analog of the discrete uniform
distribution in that all outcomes are equally likely to occur

@ A continuous uniform distribution for the random variable )(( has a
robability density function -
P Y Y Q(»\ \\ h-c
o

1
f(x):b_a, a<x<b o b ¥

@ The mean of the uniform distribution is

@ The variance of X is

2
~2 VY — (b—a)

L [
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(0\=2 Yoo 49752 x2 .25

56.) $o. |
vy - T Lo o,
. Ja.75 H4.9¢
Uniform Problem 4.1.6
@ See page P-25 = Q(SO | -89 75'\3 __,ﬁ
025 -
@(xyL)Q?\ gélpff ’x ~40.9
493

9 -4%A
Drysaan - |- A% =M
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The Normal Distribution

@ The normal distribution is the most widely used and important
distribution in statistics.

@ You must master this!

@ A random variable X with probability density function

1 )
f(x) = > e 22 for —oo < x <00
To

has a normal distribution with parameters ;1 and o where —oo < 1 < o0
and ¢ >0

@ The normal distribution with parameters ; and o is denoted N(u,c?)

@ An interesting web-site is
http: //www.seeingstatistics.com /seeing Tour /normal /shape3.html

L 10/42
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Mean and Variance of the Normal Distribution

@ The mean of the normal distribution with parameters i and o is

E(X) = p

@ The variance of the normal distribution with parameters ;2 and o is

V(X) = o?

— 1/42

Chapter 4 Page 11



[NV [Spckx»Xc il Chapter 4 Content

Central Limit Theorem

@ Brief introduction
@ States that the distribution of the average of independent random

variables will tend towards a normal distribution as n gets large
@ More details later )

L 12/42
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Calculating Normal Probabilities

@ |s somewhat complicated

The difficulty is fab f(x) dx does not have a closed form solution
Probabilities must be found by numerical techniques (tabled values)
It is very helpful to draw a sketch of the desired probabilities (I require
this)

>
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The Standard Normal Distribution

@ A normal random variable with 4 = 0 and o = 1 is called a standard
normal random variable

@ A standard normal random variable is denoted as z

@ The cumulative distribution function for a standard normal is defined
to be the function

®(z) =P(Z < 2)

@ These probabilities are contained in Appendix Table IIl on pages A-8
and A-9

L 14/42
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Cumulative Standard Normal Distribution

A-8 APPENDIX A Statistical Tables and Charts

-39
-38
-37
=36
-8
=34
-33
=32
=31
-30
=29
-28
=27
-26
-28
-24
-23
-22
-21
=20
-19
-18
-17
-16
-1.5
-14
-13
-12
-1l
-10
-09
-08
-07
-06
-05
-04
-03
~02

0.000033
0.000050
0.000075
0000112
0.000165
0.000242
0000350
0000501
0.000711
0.001001
0001395
0001926
0002635
0000573
0004799
0006387
0008424
0011011
0014262
0018309
0023295
0.029379
0036727
0045514
0.055917
0.068112
0082264
0098325
0.117023
0137857
0.161087
0.186733
0214764
0.245097
0277393
0.312067
0348268
0,385908

0.000034
0000052
0.00007%
0000117
0000172
0000251
0.000362
0.000519
0.000736
0001035
0.001441
0.00198%
0.002718
0.003681
0.004040
0.006569
0.008656
0011304
0014629
0.018763
0.023852
0030054
0.037538
0.046479
0057053
0.069437
0.083793
0.100273
0.115000
0140071
0163543
0189430
0217695

1248252
0280957
0315614
035197
0389739

0.000260
0000376
0.000538
0000762
0001070
0001489
0002082
0002803
0003793
0005085
0006756
0008894
0011604
0015003
0.019226
0.024419
0.000742
0.038364
0.047460
0.058208
0.0707%1
0.085343
0.10202
0.121001
0.142310
0.166023
0.192150
0.220650
0251429
028439
0319178
0355691
03938580

m:»:nzs:x:/
-y

0.000087
0.000057
0.000085
0.000126
0.000185
0.000270
0.000090
0000857
0.000789
0.001107
0.001538
0.002118
0.002890
0.003907
0.005234
0.006947
0.009137
0011911
0015386
0.019699
0024998
0031443
0.039204
0048457
0059380
0072145
0086915
0.103835
0123024
0.144572
0.168528
019489
0223627
0254627
0.287740
0322758
0359424
0397432
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0.0029%0
0.008025
0.005386
0.007143
0.009387
0012224
0.015778
0.020182
0.025588
0.032157
0.040059
0.049471
0.060571
0073529
0088508
0105650
0125072
0.146859
0171056
0.197662
0226627
0257846
0.291160
0.326355
0363169
0.401294

0.000041
0.000062
0.000092
0.000136
0000200
0000291
0.000419
0.00059%
0.000845
0001153
0001641
0002256
0003072
0004148
0005543
0.007344
0.009642
0012545
0016177
0.020675
0026190
0032884
0040929
0.050503
0061750
0.074934
0.090123
0107488
0127143
0149170
0173609
0200454
0229650
0261086
029459
0229969
0.366928
0405165

0.000042
0.000064
0.000096
0000142
0000208
0.000302
0.000434
0.000619
0.000874
0001223
0001695
0002327
0003167
0004269
0005703
0007549
0009903
0012874
0016586
0021178
0026503
0033628
0041815
0081551
0.063008
0076359
0091759
0109349
0129238
0151508
017618
0200269
0232695
0264347
0298086
0333598
0370700
0409046

0.000044
0.000067
0.000100
0.000147
0,000216
0.000313
0.000450
0.000641
0.000904
0.001264
0.001750
0.002401
0.003264

0.000046
0.000069
0.000104
0.000153
0000224
0.000325
0.000467
0.000664
0.000935
0.001306
0.001507
0.002477
0.003364
0.004527
0.006037
0.007976
0010484
0013553
0.017429
0022216
0.028067
0.035148
0.043633
0.053609
0.065522
0.079270
0.09509%
0113140
0133500
0.156248
1814
0208970
0238852
0270931
0305026
0340903
0378281
0416834

0.000048
0.000072
0000108
0000156
0000233
0000337

0.000687
0000968
0.001350
0.00186
0002555
0003467
0.00466)
0006210
0.008198
0010724
0013903
0.017864
00227%
0028717
0.035930
0044365
0.054799

0.080757
0.096801
0.115070
0,135666
0158655
0.184060
0211885
0241964
0274253
0308838
0344578
0382089
0420740
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Cumulative Standard Normal Distribution

00
o1
02
03
04
0s
06

0

0.500000
0.539828
0.579260
0617911
0655422
0691462
0725747
0.758036
0788145
0815940
0841345
0864334
0.884930
0903199
0919243
0933193
0.945201
0.955433
0.964070
0971263
0977250
0.9%2136
0.986097
0989276
0.991802
0.9937%
0995339
0996533
0997448
0998134
0.998650
0999032
0999313
0.999517
0.999663
0999767
0.999841

0.503989
0.543795
0.583166
0621719
0.65%097
0694974
0.729069
0.761148
0.7910%
0.818589
08437152
0866500
0486860
0904502
0.920730
0934478
0946301
0936367
0964552
0971933
0977784
0.982571
0946447
0.989556
0992024
0.993963
0.995473
0.996636
0997523
0998193
0998654
0.999065
0999336
0999533
0.999675
099776
0999847
1) 909Kt

0507978
0.547758
0.587064
0625516
0.662757

0.732371
0.764238
0.793892
0821214
0846136
0.868643
0.888767
0.906382
0522196
0935744
0947384
0957284
0965621
0972571
0978308
0982997
0986791
0.989830
0992240
0994132

0996736
0597599
0.998250
0.998736
0.999096
0.999159
0999550
0.999687
0999784
0.999653
0.999000

0511967
0551717
0590954
0629300
0666402
0701944
0738653
0767308
0796731
0823815
0848495
0870762
0.890651
0908241
0923641
0.936592
0.948449
0958188
0.966375
0973197
09788522
0983414
0987126
0.990097
0.992451
0994297
0995731
0996833
0997673
0998308
099777
0999126
0999381
0999566
0.999698
0999792
0999858
0 999004
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0.515953
0.555760
0.594838
0633072
Q670031
0.705401
0738014
0.7703%
0799546
0.826391
0.850830
0.872857
0892512
0909877

0.999908

APPENDIX A Statistical Tables and Charts  A-9

0.773373
0802338
0.828944
0853141
0.8749238
0894350
0911492
0.926471
0939429
0950529
0959941
0967843
0974412
0979818
0984222
0987776
0.990613
0992857
0994614
0.995975
0.997020
0997814
0998411
0.998856
0999184
0.999423
0.9995%
0999720
0.999807
0999865
0999912

4

0532922
0.563559
0.602568
0.640576
0677242
0712260
0.745373
0.776373
0.805106
0831472
0.855428
0876976
0.896165
0913085
0927855
0940620
0951543
0960796
0.968557
0975002
0.980001
0984614
0.983089
0.990863
0993053
0.994766
0.996093
0997110
0997682
0998462
0.998893
0999211
0999443
0.999610
0999730
0999815
0999874
0999913

0.527903
0.567455
0.606420
0.644309
0.680822
0.715661
0748571
0.779350
0.807850
0.833977
0857690
0.578999
0.897958
0914657
0929219
0941792
0952540
0.961636
0.969258
0975581
0.980774
0.9854997
0.988396
0.991106
0993244
0.994915
0.996207
0997197
0997948
0998511
0.998930
0999238
0999462
0.999624
0.999740
0.999821
0999879
0.99991%

0.531881
0.571424
0.610061

0.648027
0.684386
0719043
0.751748
0.782305
0.810570
0.836457
0.859929
0.851000
0899727
0916207
0920563
0.942947
0953821
0962462
0.969946
0.976148
0981237
0985371

0.988696
0.991344
0993431
0.995060
0.996319
0%
0.998012
0998359
0.998965
0.999264
0999481

0.999638
0.999749
0999828
0.999883
0999922

0.535856
0.575345
0.614092
0.651732
0.687933
0722405
0.754503
0.785236
0.813267
0.838913
0862143
0.882977
0901475
0917736
0931888
0.94408)
0.954486
0963273
0970621
0976708
0981691
0985738
0.958989
0.991576
0993613
0.995201
0996427
097365
0.998074
0.998605
0.998999
0.999289
0999499
0.999650
0999758
0.999835
09908858
0999925
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Standard Normal Problem

5.1.1 Suppose that Z ~ N(0, 1). Find:
(a) P(Z <1.34)
(b) P(Z = —-0.22)
(c) P(=2.19 < Z <0.43)
(d) P(0.09 < Z < 1.76)
(e) P(|Z] <0.38)
(f) The value of x for which P(Z < x) =0.55
(g) The value of x for which P(Z > x) = 0.72
(h) The value of x for which P(|Z| < x) =0.31

Figure 3: image
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Standard Normal Practice Problems J

L 18/42
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Standardizing (the z-transform)

@ Suppose X is a normal random variable with mean j and variance o2

P(ng)zp(x_”gx_”)=P(Zgz)

o o

@ The z-valueis z = (x — u)/o

@ Result allows the standard normal tables to be used to calculate
probabilities for any normal distribution

L 19/42
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Normal Probability Problem

513 Suppose that X ~ N (10, 2). Find:
(a) P(X <10.34)
(by P(X = 11.98)
(¢) P(7.67 < X <9.90)
(d) P(10.88 < X < 13.22)
(e) P(IX —10] <3)
(f) The value of x for which P(X < x) = 0.81
(g) The value of x for which P(X > x) =0.04
(h) The value of x for which P(|X — 10] = x) =0.63

Figure 4: image
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Normal Practice Problems J

L 21/ 42
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Normal Approximation to the Binomial Distribution
@ If X is a binomial random variable,

X —np
vnp(l—p)
is approximately a standard normal random variable. Consequently,
probabilities computed from Z can be used to approximate probabilities for

X
@ Usually holds when

np>5 and n(l—p)>5

L 22/42
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Problem

4. A process vields 10% defective items. If 100 items
are randomly selected from the process, what is the
probability that the number of defectives

(a) exceeds 13?7

(b) 1s less than 8?

Souvce! M‘P"ej M&QJSJ H&(Q"S .1 Y?_

Figure 5: image

@ How good are the approximations?

Chapter 4 Page 23
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Continuity Correction Factor

@ Is a method to improve the accuracy of the normal approximation to
the binomial

@ Examine Figure 6.22 from Walpole, Myers, Myers & Ye. Note that
each rectangle is centered at x and extends from x — 0.5 to x 4+ 0.5

@ This table should help formulate problems

Binomial Probability with Correction Factor Normal Approximation

P(X = P(X >x—0.5 p(z> x95-np
(X = x) (X = x - 05) e

P(X < P(X <x+0.5 Pz <xB2me
= e xr09) V=

P(X = P(x—05 < X < P22t < 7 <« X2
= x(jo.5) - vp(1=p) Vip

| 24 / 42
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Normal Approximation - Figure

[ R D

8 9 10 11 12 13 14 15
Figure 6.22 Normal approximation of h(x; 15, 0.4).
Source: Walpole, Myees, Myers 4 Ye
Figure 6: image
— i
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Rework Problem using Continuity Correction Factor J

@ Are the approximations improved?

— 2 /42
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Normal Approximation to the Poisson Distribution

e If X is a Poisson random variable with E(X) = A and V(X) = A,
X —=A
z=2"2
VA
is approximately a standard normal random variable.
| 27/ 42
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Exponential Distribution

@ The exponential distribution is widely used in the area of reliability and
life-test data.

@ Ostle, et. al. (1996) list the following applications of the exponential
distribution

e the number of feet between two consecutive erroneous records on a
computer tape,

e the lifetime of a component of a particular device,
e the length of a life of a radioactive material and

e the time to the next customer service call at a service desk

L 28 /42
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Exponential Distribution

@ The PDF for an exponential distribution with parameter A > 0 is

f(x) =X e ™, for0<x< o0

@ The mean of X is

1
= E(X) = —
p = E(X) ;N
@ The variance of X is
> 1

Note that other authors define f(x) = %e_xm. Either definition is
acceptable. However one must be aware of which definition is being used.

v

L 29 /42
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The Exponential CDF
The CDF for the exponential distribution is easy to derive

F(x)= P(X<x)= / Ae N dy
= / eV dy
0

X
- (™)
y=0

— _e—)\x _(_e{))

= —e ™41
AX

= 1—e

Chapter 4 Page 30
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Problem 4-79

4-79. The time to failure (in hours) of fans in a personal com-
puter can be modeled by an exponential distribution with
A = 0.0003.

(a) What proportion of the fans will last at least 10,000 hours?
(b) What proportion of the fans will last at most 7000 hours?

Figure 7: image

| 31/42
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Lack of Memory Property

@ The mathematical definition is

P(X <t + fz‘X > tl) = P(X < fz)

@ That is "the probability of a failure time that is less than t; + tp given
the failure time is greater than tj is the probability that the item’'s
failure time is less than t,

@ This property is unique to the exponential distribution

@ Often used to model the reliability of electronic components.

L 32/42
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Problem 4-80

4-80. The time between the arrival of electronic messages at
your computer is exponentially distributed with a mean of two
hours.

(a) What is the probability that you do not receive a message
during a two-hour period?

(b) If you have not had a message in the last four hours, what
is the probability that you do not receive a message in the
next two hours?

(c) What is the expected time between your fifth and sixth
messages?

Figure 8: image

| 33/42
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Relationship to the Poisson Distribution

@ Let Y be a Poisson random variable with parameter \. Note: Y
represents the number of occurrences per unit

@ Let X be a random variable that records the time between occurrences
for the same process as Y

@ X has an exponential distribution with parameter A

L 34/42
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Lognormal Distribution

@ Let W have a normal distribution with mean @ and variance w?; then
X = exp(W) is a lognormal random variable with pdf

2
Fo) = L exp[_(ln(x)—@)

0< x < oo
XWw\ 21 2w?

@ The mean of X is

E(X) = e7+/2

@ The variance of X is
V(X) _ e29+w2 (ew2 . 1)

L 35 /42
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Example Problem

3-47. Suppose that X has a lognormal distribution with
parameters 6 = 5 and w”> = 9. Determine the following:

(a) P(X < 13,300)
(b) The value for x such that P(X < x) = 0.95

(c) The mean and variance of X Montsomeny, 2,,‘”("&[‘

Figure 9: image

— 36/42
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Gamma Distribution

@ The random variable X with pdf

)\rxr—l e—/\x

="

, forx >0

is a gamma random variable with parameters A > 0 and r > 0.

@ The gamma function is

oG
[(r) = f x""le ™ dx for r >0
0

with special properties:
o I'(r) is finite
o [(r)=(r—1)(r—1)

Chapter 4 Page 37
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Gamma Distribution

@ The mean and variance are

p=E(X)=r/\and 0° = V(X) =r/)\*

@ We will not work any probability problems using the gamma distribution

L 38/ 42
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Gamma Tables

APPENDIX A

Gamma Function

Fim) an | rm

00100 09943 | 15100 | 08866
0.0200 09838 | 15200 | 08870
0.0300 | 09836 | 15300 | 08876
00400 09784 08852
00500 | 09735 08859
0.0600 | 09es7 0.8396
0.0% 0.9642 0.8905
00800 09597 08914
00900 09555 08924
0.1000 09513 08935
0.1100 0.9474 08947
0.1200 09436 | 16200 | 08959
0.1300 09399 | 16300 | 03972
0.1400 os3st | 16400 | 0986
0.1500 09330 | 16500 | 05001
0.1600 | 09208 | 16600 ‘ 09017
1700 | 09267 | 1670 | 03033
0.1800 | | 09237 | 16800 | 09050
0.1900 09209 | 16900 | 09068
02000 | 09182 | 17000 | 09086
0.2100 091% 1.7100 09106
02200 a9131 | 17200 | 09126
02300 09108 | 17300 | 09147
02400 09085 | 17400 | 09168
02500 09064 | L7500 | 03191
02600 09084 | 17600 | 09214
2700 09025 | 17700 | 09238
02800 05007 | 17800 | 09262
0.2900 0.8990 17900 09288
0.3000 05975 | 18000 | 09314
03100 | oz960 | 1100 | 09341
0.3200 08946 | 18200 | 0.9368
03300 | oson | 18300 | 09397
03400 08922 | 18400 | 09426
03500 ‘ [ 08912 ‘ 18500 | 0.9456
03600 0.5600 [ v 08902 | 18600 | 0.9487
03700 05700 | 13700 | 08893 ‘ 18700 | 09518
03800 03800 13800 | 088SS | 18800 | 09551
0.6900 13900 | 08879 | 18900 | 09584

14000 | 08873 | 19000 | 09618

09100 14100 | 08868 9100
09200 | 14200 | 0.886% 1.9200

09300 14300 | 08360 | 19300
| 08400 | 14400 | ossss | 19400 |
0.9500 1.4500 ‘ 08857 | 1.9500
0.9600 ‘ 14600 | 08356 | 19600
0.9700 1.4700 0.8856 1.9700
09800 | 1aso0 | o0sss7 | 19800
| 0ss00 14900 | 03859 | 19900 | 0.9958
1.0000 15000 | 0ss62 | 20000 | 1.0000
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Weibull Distribution

@ The random variable X with pdf

f(x) = g (%)6_1 exp [— (%)ﬂ] , forx>0

is a Weibull random variable with scale parameter § > 0 and shape
parameter 8 > 0

@ The CDF for the Weibull distribution is

F(x) =1—exp [— (%)d]

@ The mean of the Weibull distribution is

p=EX)=or (1+ )
— .
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Weibull Problem

45. Suppose that fracture strength (MPa) of silicon

nitride braze joints under certain conditions has

a Weibull distribution with @ =5 and f = 125

(suggested by data in the article “Heat-Resis-

tant Active Brazing of Silicon Nitride: Me-

chanical Evaluation of Braze Joints,” (Welding

J., August 1997: 300s-304s).

a. What proportion of such joints have a frac-
ture strength of at most 100? Between 100
and 1507

b. What strength value separates the weakest
50% of all joints from the strongest 50%?

¢. What strength value characterizes the weak-
est 5% of all joints?

Figure 11: image
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Weibull Practice Problems J

L 12/12

Chapter 4 Page 42



\
Cdf of uniform L) T Qe exhy

Tuesday, February 25, 2025 12:03 PM

¢ Q‘"r «>X (k
T/)‘) = f‘:‘(v\du - 2{%— Cor e &)
\ forx2d
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