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Chapter 4 Content
Continuous Random Variable

@ The probability distribution of a random variable X is a description
of the set of probabilities associated with the possible values of X

@ Density functions are commonly used in engineering to describe
physical systems. ( | g )lg.‘ mesgure A h s el )

@ A probability density function f(x) can be used to describe the
probability distribution of a continuous random variable
porf

| 3/42
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Probability Density Function

@ Notice the difference from a discrete random variable

@ The formal definition of a probability densit)g%tiag\ifs %function
N

such that
Q@ f(x)>0 rPa Sl
@ [, flx)dx=1 D T e <)
Q P(a< X <b)= [Pf(x)dx acll y
| 4/42
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/—\N)\-W

@ Any interesting property of continuous random variables is

Probability Density Function

P(X1§X§X2): P(X1<X§X2):P(X1§X<X2)
= P(x1 < X < x2)

@ Does not apply to discrete random variables
@ Explanation

_/V}— E %g 2 Csure oowc(ca

hd aoﬂd/(‘f 4-9&9-
o—o

C(g\(<‘0 QC)((b C ¥ =a w%er\ya
Pl
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Cumulative Distribution Function
The cumulative distribution function for a continuous random variable X is

X

F)=PX<x) = [ f(y)dy

—0o0

—————— 6/42
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Mean and Variance of a Continuous Random Variable

@ The mean value of a continuous random variable is defined to be

uw=E(X)= /OO xf(x) dx

—0o0

@ The variance of a continuous random variable is defined to be

— V(X) = E(X — p)?
= /._O:C(x — u)?f(x)dx = /_o:o x?f(x) dx — pi?

@ The standard deviation of X is

o =4/ V(X)

— /a2
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Continuous Uniform Distribution

The continuous uniform distribution is the analog of the discrete uniform
distribution in that all outcomes are equally likely to occur

@ A continuous uniform distribution for the random variable )(( has a

" iy f . i
probability density function C(ﬂ\ \ o
1 © b
f(X) - E, =] S x < b o X
@ The mean of the uniform distribution is t cﬂ}c

@ The variance of X is

Chapter 4 Page 8
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-C/f\fl ?0‘ HNRFSZX< 025

56 ) 56 9 \\(b-|
P[Y457>"3 = jg-\?(x\afxa&?ldy: ) Y= 7¢
Uniform Problem 4.1.6 475 Hagg
 See page P25 . af50.) - 20.75)7 7P
el 5028 _ 76
POx>HasY - g ade- x|, 7 20

499

9 -3/
Drysaan s |- 4D = -

- =10
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T Pistribution

@ The normal distribution is the most widely used and important
distribution in statistics.

@ You must master this!

@ A random variable X with probability density function

1 C(x=p)?
e 22 for —oo< x <00
Vormo

has a normal distribution with parameters ;1 and o where —oo < 1 < 00
and 0 >0

f(x) =

@ The normal distribution with parameters ;. and o is denoted N(y, %)

@ An interesting web-site is
http:/ /www.seeingstatistics.com /seeing Tour/normal /shape3.html

—— 10/42
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NMMQ dis7, | < Sdmme:ﬂ-r('<

Mean and Variance of the Normal Distribution g ]’Sux)f\/u
@ The mean of the normal distribution with parameters y and o is

E(X) =i

@ The variance of the normal distribution with parameters ;1 and o is

V(X) = o2

Chapter 4 Page 11
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Central Limit Theorem

@ Brief introduction

@ States that the distribution of the average of independent rand
variables will tend towards a normal distribution as n gets Iargeéf)\

@ More details later

X

— 12/42
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6
Calculating Normal Probabilities 5) C‘SW \S’(@'\df

@ |s somewhat complicated

o The difficulty is fab f(x) dx does not have a closed form solution

@ Probabilities must be found by numerical techniques (tabled values)
@ |t is very helpful to draw a sketch of the desired probabilities (I require

this) )
T

—— 13/
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The Standard Normal Distribution \A

- !
N0

@ A normal random variable with ;x = 0 and o = 1 is called a standard
normal random variable

@ A standard normal random variable is denot@

@ The cumulative distribution function for a standard normal is defined

to be the function D - Cgf”—q_Q P)’H
V(& z o) =pPz<2)- T ﬁ/\?(’, :Q’r)

@ These probabilities are contained in Appendix Table Ill on pages A-8
and A-9

—— 1842
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Cumulative Standard Normal Distribution

A8 APPENDIX A Statistical Tables and Charts

_3-'#\:

-39
-38
-37
-36
=35

0.000165
0000242
0.000350
0.000501

0.000711

0.001001

0.001395
0001926
0.002635
0.003573
000479
0.006357
0.008424
0011011

0.014262
0.018300
003298
0me™
0006727
0045514
0085917
0068112
0082264
0098528
o
0137887
0.161087
Q18738
0214764
024597
0277598
0312067
0342068
0385908

0001038
0001441
0.00198%
0002718
0.003681
0.004950
0.006569
0.008656
0011304
0.014629
0.018763
0023882
0030054
0.037538
0046479
0.057083
0.069437
0.083793
0.100273
0.119000
0.14007
0163543
0.189430
0217695
0248252
0280057
0315614
0351973
0.359730

00585208
007781
0.085343
0.102042
0,121001
0142310
0166023
0.192150
0220650
0251429
0284330
0319178
0355691
0.393580

Y= MZ <2

001911
0015386
Q019
0004998
0031443
0036204
0048457
0059350
0072148
0086915
0103838
012304
0144572
0.168528
Q1NN
0223627
0284627
0267140
0322758
0359424
0Wan
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0.002186
0.002980
0.006025
0.005386
0.007143
0.009387

0.025588
0032157
0.040089
0.040471
0060571
0.073529
0083508
0.105630
0125072
0146859
0.171056
0197662
0220627
0297846
0291160
0326358
0363169
0.401294

0.405165

0041815
0051551
0063008
0070359
0091759
0.109349
0120238
0151508
0176183
0200269
0232695
0264347
0208036
0333508
0.3707200
0409046

0.000044
0.000067
0.000100
0.000147
0.000216
0.000313
0000450
0000641
0.000504
0001264
0.00i750
0002401
0003264
Q004390
0005868
0007760
0010170
001328
0.017003
0021692
0027429
003379
0042716
0052616
0.063256
0077804
0093418
0111233
0131357
0153864
0.178786
0206108
0235762
0267629
0301832
0337243
0.374484
0412036

399 < 2L 39

0000046
0000069
0.000104
0000153
0.000224
0000325
0.000467
0.000664
0.000933
0.001206
0.001%07
0.002477
0003364
0004827

0113140
0133500
0156244
0181411
0208970
0238852
0270931
0.30%026
0380003
0.378281
0416834

0.00004
0.000072
0.000108
0.000159
0.000233
0.000337
0.000483
0.000687
0.000968
0.001350
0.001866
0002555
0.000467
0.004661
0.006210
0.00819%
0010724
0013903
0017864
0022750
0028717
0035930
Q04588
008479
0.066807
0.080757
0.096801
0115070
0.135668
0158655
0.184060
0211885
0241964
0274253
0308538
0344578
03820809
0420740
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Cumulative Standard Normal Distribution

APPENDIX A Statistical Tables and Charts  A-9

00 0500000 0303589 O0S0T97% 0511967 0513933 0519939 0532922 0327900 0531881 0538886
0.1 0S9R28 0543795 047788 0551717 0385760 0559618 0563559 0567495 (571424 0575345
02 0579260 0583166 0557064 0590954 0.504435 O0.S9706 0602568 0606420 0610261 061492
03 0617911 0621719 0625516 0620300 0633072 0636831 0640876 0644309 0648027 0651732
04 0655422 0650097 0662757 0666402 0670051 0673645 0677242 0680822 0684088 0657933
05 01462 0694974 0658468 0701944 0705401 0708840 0712260 0715661 0719043 0722405
06 0725747 0720069 0732371 07M653 0738914 0742154 0745373 0748571 0751748 (754903
7 0758036 0761148 0764238 0767MS 0TS0 0773373 0T76ITI 0779350 0TS OTESI6
08 O7TS8MS 0791000 0793892 0796731 0799546 0802338 0805106 0807850 0810570 081367
09 081540 OKIASHY 0821214 ORI 0826391 088944 0831472 0N3I9TT 06457  ONI91Y
10 0841348 0843752 0846136 0848498 0850830 ORSII41  ORSS428 0857690 0889929  0.862183
11 086433 0866500 0868643 0870762 OA72857 O0R74928 OA76976 OM7§999 O03S1000 0882977
12 08846910 0886860 0888767 0890651 0892512 0894350 0896165 0897958 0899727 090147
13 0903199 0904902 0906552 O0SGE241 O0S0UKT? 0911492 0913085 0014657 0916207 0917736
14 0919243 0920730 0922196 0923641 0925066 0926471 0927855 0920219 0930563 093isss
15 0933193 0934478 0935744 09362 0939429 0940620 0941792 0.942047 050K}
16 0945201 0946301 0947384 0948449 0950529 0951543 (.052540 0953521 0954486
17 0855435 0956367 0957284 00SSISS 095071 0959941 0960796 0961636 0962462 0963273
18 0964070 0964852 0965621 0966375 0967116 0967843 0968557 0969258 0969946 0970621
19 0971283 0971933 0972571 0973197 0973510 0974412 0975002 0978561 0976148 0976705
20 0977250 09TTTES QOTEMON O097ME22 09TYNIS O9TUNIN  09R0M01 O9ROTTE 0981237 0981681
21 0982136 09%2STI 0982007 0983414 09K 0984227 (0984614 0984997 0985371  0.9857I8
2 0986097 098647 0986791 0987126 0957455 09§7776 09SH089 O95K09%  UIRREY6  .958989
3 0989276 0969556 0989830 0.990097 0950058 0990613 0990863 09WII06 0MWIM4 0991576
4 0991802 099200¢ 0992240 0992451 0992656 0992887 OWNS) 09I 0933 0993613
5 0993790 0903963 094132 0904207 OOM4ST OFMEI4 0SMTES OSMIIS 0995060 0995201
6 099533 0995473 099604 099STI1  0995RSS 0997 09ER) 0996207 099ANI9  0.996427
7.
8
0

0996533 0996606 0996736 0996833 0996528 0997020 0997110 O9WTIYT 0997282 0997365
0997445 0997523 099759 0997673 0997744 0997814 0997582 0.997M& 0995012 0998074
0N 0995193 0996250 0996305 0998359 0998411 0998462 0998511 O9RSH  0.998603
30 0998650 0998604 0998736 USURTTT 0998817 099NN 0998393 0998930 OSURSES 0998999
51 099032 0999065 099909 0995126 0999155 0999184 0999211 0999238 0999264 0.999289

I 099913 0999336 0999359 099381 0999402 0999423 0.99944) 0.999462 099MEI 0999499
13 0999517 0999333 0999350 0999566 09995K1 0999506 0009610 0999624 (99938  0.999650
34 DO99EEI 0999675 0999657 096ES 0999700 0999720 0999730 0999740 0999749  0.9997SH
35 0999767 0999776 0999784 0999792 Q9S00 0999807 0999813 0999621 D9 099938
36 0999541 0999847 (999853 O9WESS 099864 0099869 0099574 0099879  (.9998K1 (99988

7 (1999896 0990000 0099008 0999908 0999912 0999915 099918 0999922 099N
— 16/42

3.9 A
1= 000352 G5, 2

o0a3 %2

\} -~ 632 —%W‘-ﬂt’u'g (°|-6q
om0 s e Pz 39y = 1.0
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Standard Normal Problem

° 1.39
5.1.1 Suppose that Z ~ N (0, 1). Find:
(@) P(Z < 1.34) 0r2 £134) =2 (139
(b) P(Z = —0.22) I 9877

(c) P(—2.19 <Z <0.43) -
(d) P(0.09 < Z < 1.76) W K\ @ 27—ax\
(e) P(]Z] <0.38)

(f) The value of x for which P(Z < x) = 0.55 *‘&*’}w&

—22-° n
(g) The value of x for which P(Z > x) =0.72

(h) The value of x for which P(|Z| < x) =0.31 Prz 7-2)
’ == '§(—.11\
Figure 3: image = V- MG
= .587 064
— 17/ 42
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Standard Normal Practice Problems J

S 18/42
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Standardizing (the z-transform)

@ Suppose X is a normal random variable with mean p and variance o
X—pu x—pu
P(ng):P( £ < ’”) = P(Z < z)
o o

@ The z-valueis z = (x — p) /o
@ Result allows the standard normal tables to be used to calculate

probabilities for any normal distribution

| 19/ 42
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Normal Probability Problem

513 Suppose that X ~ N (10, 2). Find:
(a) P(X < 10.34)
(b)y P(X = 11.98)
(¢) P(7.67 < X <9.90)
(d) P(10.88 < X <13.22)
(e) P(IX =10 =3)
(f) The value of x for which P(X < x) = 0.81
(g) The value of x for which P(X = x) =0.04
(h) The value of x for which P(|X — 10} =2 x) = 0.63

Figure 4: image

20,42
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Normal Practice Problems J

S 21/42
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Normal Approximation to the Binomial Distribution
e If X is a binomial random variable,

X —np
v'np(l—p)
is approximately a standard normal random variable. Consequently,

probabilities computed from Z can be used to approximate probabilities for
X

@ Usually holds when

np>5 and n(l—p)>5

— 2/4
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Problem

4. A process yields 10% defective items. If 100 items
are randomly selected from the process, what is the
probability that the number of defectives

(a) exceeds 13?7

(b) is less than 8?7

Source. walpdle, Mater‘s, H&(ers tYe

Figure 5: image

@ How good are the approximations?

Chapter 4 Page 23
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Continuity Correction Factor

@ Is a method to improve the accuracy of the normal approximation to
the binomial

@ Examine Figure 6.22 from Walpole, Myers, Myers & Ye. Note that
each rectangle is centered at x and extends from x — 0.5 to x + 0.5

@ This table should help formulate problems

Binomial Probability with Correction Factor  Normal Approximation
P(X > P(X>x—05 P(z>2x221mm
(X = x) (X > x—0.5) NG
P(X < P(X < x+0.5 Pz <>
(X < x) (X < x+0.5) )
P(X = x) P(x—05< X < PX252m o 7 < xR
x 4 0.5) Ve(i=p) 43
| 24/42
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Normal Approximation - Figure

| T -
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 *
Figure 6.22 Normal approximation of b(x; 15, 0.4).
Soarce: Waltel, Myews, Myers & VYo
Figure 6: image
| 25 /42
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Rework Problem using Continuity Correction Factor
@ Are the approximations improved? J
| 26/ 42
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Normal Approximation to the Poisson Distribution
o If X is a Poisson random variable with E(X) = A and V(X) = A,
X =

=N

is approximately a standard normal random variable.

— 21/42
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Exponential Distribution

@ The exponential distribution is widely used in the area of reliability and
life-test data.

@ Ostle, et. al. (1996) list the following applications of the exponential
distribution

o the number of feet between two consecutive erroneous records on a
computer tape,

o the lifetime of a component of a particular device,
o the length of a life of a radioactive material and

e the time to the next customer service call at a service desk

—— /42
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Exponential Distribution

@ The PDF for an exponential distribution with parameter A > 0 is

f(x) =X e ™, for0<x< oo

@ The mean of X is

1
p=EX)=+

@ The variance of X is
1

Note that other authors define f(x) = $e~*/?. Either definition is
acceptable. However one must be aware of which definition is being used. )

— 2942
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The Exponential CDF
The CDF for the exponential distribution is easy to derive

F(x)= P(X<x)= / eV dy

- / Ae= dy
S

— _e—)\x _ (_eU)

= —e ™41

Ax

= 1—e

Chapter 4 Page 30
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Problem 4-79

4-79. The time to failure (in hours) of fans in a personal com-
puter can be modeled by an exponential distribution with
A = 0.0003.

(a) What proportion of the fans will last at least 10,000 hours?
(b) What proportion of the fans will last at most 7000 hours?

Figure 7: image

—————— 31/42
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Lack of Memory Property

@ The mathematical definition is

PX <ti+ X >t)=PX<t)

@ That is "the probability of a failure time that is less than t; + t» given
the failure time is greater than t; is the probability that the item’s
failure time is less than t;

@ This property is unique to the exponential distribution

@ Often used to model the reliability of electronic components.

—— /42
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Problem 4-80

4-80. The time between the arrival of electronic messages at
your computer is exponentially distributed with a mean of two
hours.

(a) What is the probability that you do not receive a message
during a two-hour period?

(b) If you have not had a message in the last four hours, what
is the probability that you do not receive a message in the
next two hours?

(c) What is the expected time between your fifth and sixth
messages”’

Figure 8: image

—————— 313/42
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Relationship to the Poisson Distribution

@ Let Y be a Poisson random variable with parameter A. Note: Y
represents the number of occurrences per unit

@ Let X be a random variable that records the time between occurrences
for the same process as Y

@ X has an exponential distribution with parameter A

— /a2
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Lognormal Distribution

o Let W have a normal distribution with mean @ and variance w?; then
X = exp(W) is a lognormal random variable with pdf

1
f = — —
(x) XWA 27 P l

(In(x) — 6)°

2 ] 0<x< oo
w

@ The mean of X is

E(X) = eftw/2

@ The variance of X is
V(X) = 2+’ (e“"2 — 1)

—— 5/42
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Example Problem
3-47. Suppose that X has a lognormal distribution with
parameters 6 = 5 and w® = 9. Determine the following:

(a) P(X < 13,300)
(b) The value for x such that P(X < x) = 0.95

(c) The mean and variance of X ‘%ﬂ‘ﬁmt%’zﬂtn‘wk

Figure 9: image

—————— 36/42
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Gamma Distribution

@ The random variable X with pdf

ror—1 —Ax
f(x):/\x—e, for x >0

r(r)
is a gamma random variable with parameters A > 0 and r > 0.

@ The gamma function is

r(r):/ xleXdx forr>0
0

with special properties:
e [(r) is finite
o [(r)=(r—1)I(r—1)

H H H Calaral SN r( l‘\ — (l’ 1\'
I — 3/42
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Gamma Distribution

@ The mean and variance are

p=EX)=r/\and 0% = V(X) =r/)\?

@ We will not work any probability problems using the gamma distributionJ

— /42
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Gamma Tables

APPE

DIX A

Gamma Function
i) "

[i738a | 10100 |
17088 | 10200
16747 | 1000

16448
16161
1.5886
1.5623
15369
15126

08900
0.9000
09100
09200

09400 | 10384
09500 | 10315
09600 | 1.0247
09700 | 10182
09800 | 10119 08857 | 19500 | 099
0990 | 10089 08859 | 19900 | 09953
10000 | 10000 | 15000 | 08862 | 20000 | 10000

= 39/42
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Weibull Distribution

@ The random variable X with pdf

f(x) = ? (%)Iﬁ_l exp [— (%)1 , forx>0

is a Weibull random variable with scale parameter 6 > 0 and shape
parameter 3 > 0

@ The CDF for the Weibull distribution is

F(x) =1 exp [— (’(}i)d]

@ The mean of the Weibull distribution is

p=E(X)=4r (l—l—%)
| 40 / 42
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Weibull Problem

45. Suppose that fracture strength (MPa) of silicon
nitride braze joints under certain conditions has
a Weibull distribution with @ =5 and ff = 125
(suggested by data in the article “Heat-Resis-
tant Active Brazing of Silicon Nitride: Me-
chanical Evaluation of Braze Joints,” (Welding
J., August 1997: 300s-304s).

a. What proportion of such joints have a frac-
ture strength of at most 100? Between 100
and 1507

b. What strength value separates the weakest
50% of all joints from the strongest 50%?

¢. What strength value characterizes the weak-
est 5% of all joints?

Figure 11: image

41/42
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Weibull Practice Problems J

— w/e
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Cdf of uniform L) T Qe exhy

Tuesday, February 25, 2025 12:03 PM

¢ Q‘"r «>X (k
T/)‘) = f‘:‘(v\du - 2{%— Cor e &)
\ forx2d
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¥ X s+ ®f2>x\:.72
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Standard normal pp

Thursday, February 27, 2025 11:48 AM

QUESTION 1 v

o 4 3

Let Z be a standard normal random variable, find P(0.41<Z<3.21).

O -0.364473 D (+.L“< 2¢321) = F73 20 ‘f(-’f/}
- ~ o (321) )

O The correct answer is not provided. - -9%33¢ - - ¢f7071}'

0.000664 =.3 623%

Screen clipping taken: 2/27/2025 11:48 AM
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Thursday, February 27, 2025 11:53 AM

QUESTION 3
.3

Let 7 be a standard normal random variable, find the value z such that P(Z=z)= 0.8435.

L1565
O 2.64 \/

O 0.95 |
O 1.01 2.0
) -0.95

(O The correct answer is not provided.

Screen clipping taken: 2/27/2025 11:54 AM
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QUESTION 5

Let Z be a standard normal random variable, find the value z such that P(Z<z)= 0.5003.

.5°°{> \

) 3.72

) -3.23 > N
) -3.72 .
) 27
O -34 :
() The correct answer is not provided. Z—TO ,O

Screen clipping taken: 2/27/2025 11:59 AM
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Thursday, February 27,2025 12:01 PM 2.4

AHendbu .. 7

D (@)

QUESTION 7 349

Let Z be a standard normal random variable, find P(Z=3.49). p/Z' > 2 4 7)

O 0.068272

- - S.

() The correct answer is not provided. =1 E( 4?)

O 0.999096 = | =.999#5¢
— . 000242

() 0.000904 — o

(0 0.230874

(0 0.999758

Screen clipping taken: 2/27/2025 12:11 PM
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