Printout

Wednesday, April 2, 2025 1:16 PM

MANE 3332.03

Section 1

MANE 3332.03

| 1/35

MANE 3332.03

Lecture 19, April 3

o Topics:

Chapter 5: CLT
Chapter 6: Multivariate Statistical Analysis

Chapter 7: Definitions 3 Snﬂg oﬁ W\(g{

Chapter 8: Interval Estimation
@ Assignments: p@b/%w;/&%(j}@

e Technical Report One due today
o Linear Combination Practice Problems due today
e Linear Combination Quiz (assigned 4/3/25, due 4/8/25)

@ Attendance

@ Questions?
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Handouts

[

Chapter 5

o Chapter 5 Slides

o Chapter 5 Slides marked
Chapter 6

o Chapter 6 Slides

o Chapter 6 Slides marked
Chapter 7

o Chapter 7 slides

o Chapter
Chapter 8

o Chapter 8 slides

o Chapter 8 slides marked

Final Exam Handouts

MANE 3332.03

Class Schedule

Tuesday Lecture

Thursday Lecture

4/1: Chapter 5

4/8: Chapter 8, Case 1
4/15: Chapter 8, Case 3
4/22: Chapter 9, Case 2
4/29: Chapter 11

5/6: Review

4/3: Chapters 7 & 8
4/10: Chapter 8, Case 2
4/17: Chapter 9, Case 1
4/24: Chapter 9, Case 3
5/1: Chapter 11

5/8: Dead Day (no class)

10 Sessions plus final exam

Final Exam: Tuesday May 13, 2025 10:15 am - 12:00 pm
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Chapter 8 Introduction

@ Intervals are another method of performing estimation
@ A confidence interval is an interval estimate on a papulation parameter
(pmcus of this chapter) N sor %
@ Three types of interval estimates
@ A confidence intervals bounds population or distribution parameters

e A tolerance interval bounds a selected proportion of a distribution

o A prediction interval bounds future observations from the population or
distribution

@ Interval estimates, especially confidence intervals are commonly used in
science and engineering
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Confidence Interval on the Mean of a normal distribution, iMﬁa}iJ Case .

variance known (Case 1) hsu /su.
@ Suppose that X, X2, ..., X, is a random sample from a normal do{\’} <rnow
population with unknown mean  and known variance o2 Vo riac=

@ A general expression for a confidence interval is .
Cwe 15
PlL<pu<Ul=1-a S\J%—st ar¢

@ Using the sample results we calculate a 100(1 — )% confidence of the Yo @,aS"Q S"P
form _

D=2 B < Mews vz, %2
I<u<u

@ A 100(1 — @)% confidence interval for the mean of a normal
distribution with variance known is

I 7/
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Loty | ) Tz T
Problem 8-12,part a (6th edition)
B, -
[8 12. The IIfL in hours of a 75-watt light bulb is know n to be ! OQ( ] = \ 52/;

normally distributed with o = = 25h

ours. A random sample of
20 bulbs has a mean life of x = 1014 hours. o (, X \j = 7(

(@) Construct a 95% two-si i i 78
S 5 o-sided confidence interv
: al o =
mean life. e =-o®
(b) Construct a 95% / i

C ~ ~
> 5% lower-confidence bound on the mean
ife.

R
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Figure 2: image
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Interpreting Confidence Intervals

Montgomery gives the following statement regarding the correct

interpretation of confidence intervals.
The correct interpretation lies in the realization that a Cl is a

random interval because in the probability statement defining
the end-points of the interval, L and U are random variables.
Consequently, the correct interpretation of a 100(1 — a)% Cl
depends on the relative frequency view of probability. Specifically,
if an infinite number of random samples are collected and a 100(1—
«)% confidence interval for j1 is computed from each sample,
100(1 — ) % of these intervals will contain the true value of .

I 0/35
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One-sided Confidence Bounds

It is possible to construct on-sided confidence bounds
@ A 100(1 — «)% upper-confidence bound for p is

= a
/~L§U:X+Za—\/:
n

@ A 100(1 — a)% lower-confidence bound for 1 is

X — Z, ="

Sio

_—_—————=N 10/35
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Sample Size Considerations

If X is used as an estimate of s, we can be 100(1 — a)% confident that the
error |x — p| will not exceed a specified amount E when the sample size is

2
he (2/_2“)
E

11/35
Problem 8-12,part b (6th edition)
Bz Theiife "a 75
2. e life in hours of a 75-watt light bulb is known to be
normally distributed with o = 25 hours. A random sample of
20 bulbs has a mean life of ¥ = 1014 hours.
(a) (onstrpcl a 95% two-sided confidence interval on the
mean life.
(b) ICE]”S”UC[ a 95% lower-confidence bound on the mean
ife. L
Figure 3: image
12/35
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A Large Sample Cl for p

e When n is large (say greater than or equal to 40), the central limit
theorem can be used

@ |t states that % is approximately a standard normal random variable.

e Thus, we can replace the quantity o/\/n with S/\/n and still use the
quantiles of the normal distribution to construct a confidence interval.

S - Mol Loy,

@ What assumption did we relax and why? 7% l Zé Eé ,

fgi;ww mﬂwﬂla@%ﬂaﬁék

SHEX+ 240
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Chapter 8, Case 1 Practice Problems J
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Confidence Interval for the mean of Normal distribution
with variance unknown (Case 2)

The t distribution

@ Definition.

Let X1, Xo,..., X, be a random sample from a normal distribution with
unknown mean y and unknown variance 2. The random variable

X—pu
S/\n
has a t distribution with n — 1 degrees of freedom.

@ A table of percentage points (quantiles) is given in Appendix A Table 5
@ Figure 8-4 on page 180 shows the relationship between the t and
normal distributions.

@ Figure 8-5 explains the percentage points of the t distribution

T =

1535

MANE 3332.03

" il L-ak=-tgr O
igure 8- robability density functions of several ¢ igure 8-5 i
distributions. Figure 8-5  Percentage points'of-the

distribution,

Figure 4: image

16/35
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Confidence interval definition

@ Using the t distribution it is possible to construct Cls
If X and s are the mean and standard deviation of a random sample from a
normal distribution with unknown variance 2, a 100(1 — )% confidence

interval on p is given by 5_ =S

5
X —ta/2,n— 1\/—<P:<X+t0;‘2n ' n

where t, /5 ,_1 is the upper 100(«r/2) percentage point of the t distribution
with n — 1 degrees of freedom.

| S
Nn= 2
Problem 8-30 (6th edition) Y= 7.
-30.  An article in Nuclear Engineering International 5 Z .0
'(Fcbru.iry 1988, p. 33) describes several characteristics of fuel
rods used in a reactor owned by an electric utility in Norway. _
Measurements on the percentage of enrichment of 12 rods X~ éw Ay
/

were reported as follows:

2.90
295

2.75
2.82

3.00
2.81

2.95
3.05

2.94
2.90

3.00
2.75

(a) Use a normal probability plot to check the normality as-
sumption.

(b) Find a 99% two-sided confidence interval on the mean
percentage of enrichment. Are you comfortable with the
statement that the mean percentage of enrichment is 2.95

percent? Why? _
“&wg) =3/ X

Figure 5: image
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One-sided confidence bounds

@ Are easy to construct
@ Use only the appropriate upper or lower bound
e Change t,/3 51 t0 ta n-1
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Chapter 8, Case 2 Practice Problems J

MANE 3332.03

Confidence Interval for 0% and o (Case

@ Section 8-3 presents a C| for o2 or o 2_ g!\/x,' -
. L — z L=t
e Requires the y* (chi-squared) distribution “ey
Let Xy, X5,..., X, be a random sample from a normal distribution with
mean  and variance o2 and let S be the sample variance. Then the
random variable )/ Z
,»  (n—1)82
X =—> —
a

has a chi-square (?) distribution with n — 1 degrees of freedom

@ A table of the upper percentage points of the y? distribution are given
in Table 4 in the appendix

o Figure 8-9 on page 183 explains the percentage points of the 2
distribution

Chapter 8 Page 11




MANE 3332.03

flx) ¢

Figure 8-8 Proba-
bility density functions
of several x? distribu-
tions.

Figure 7: image
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Figure 8-9 Percentage point of the x* distribution. (a) The percentage point X ;. (b) The upper
percentage point x3s0 = 18.31 and the lower percentage point X559 = 3.94.

Figure 8: image
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Confidence Intervals for o2 and o

If 52 is the sample variance from a random sample of n observations from a
rramce-e2,_then a 100(1 — a)%

normal distribution with unknows
confidence intersa i

2 2
where Xa/2,0-1 and Xi—a/2,n-1 €

points of the y2-distribution with n — 1 degrees of freedom

00cx/2 percentage

MANE 3332.03

Problem 8-36 (6th edition)

{/8-36.

95% two-sided confidence interval for o.

Figure 9: image

The sugar content of the syrup in canned pead
normally distributed. A random sample of n = 10 cans
a sample standard deviation of s = 4.8 milligrams.
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| 213

MANE 3332.03

One-sided confidence bounds

® Are easy to construct

@ Use only the appropriate upper or lower bound

° Change Xﬁ-ﬂ,n_l to X?x,n—l or X%—a,@,n—l to X%—ﬂ,"—l

@ See eqn (8-20) on page 184 ~ )
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Chapter 8, Case 3 Practice Problems J

b Y M
MANE 3332.03 V / i

Large-Sample Chfor a Populatlon Proportion (Case 4)

Jer

@ Recall fro a terf:l |at the sampling distribution of P is
approximatily rmal with mean p and variance p(1 — p)/p, if nis not
too close to either 0 or 1 and if n is relatively large.

-

e Typically, we require both np > 5 and n(1 — p) > 5

f nis large, the distribution of

X —np

B B p
V(1 -p)  fee)

is approximately standard normal.

Chapter 8 Page 15
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If pis the proportion of observations in a random sample of size n that
belongs to a class of interest, an approximate 100(1 — )% confidence
interval on the proportion p of the population that belongs to this class is

,\ p(1 - p) p(1—p)
P—2zap\| —— e

where z, /, is the upper /2 percentage point of the standard normal
distribution

MANE 3332.03

Other Considerations

@ We can select a sample so that we are 100(1 — )% confident that
error E = |p — P| using

n= (z‘gz)zp(l - p)

@ An upper bound on is given by

n— (%)2(0.25)

@ One-sided confidence bounds are given in eqn (8-26) on page 187

Chapter 8 Page 16
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Guidelines for Constructing Confidence Intervals

@ Review excellent guide given in Table 8-1

Other Interval Estimates

@ When we want to predict the value of a single value in the future, a
prediction interval is used

e A tolerance interval captures 100(1 — a)% of observations from a
distribution

MANE 3332.03

st Csu

Prediction Interval for a Normal Distribution

@ Excellent discussion on pages 189 - 190
@ A 100(1 — a)% Pl on a single future observation from a normal
distribution is given by

")
_ 1 _ 1
X = ta/2,n—15 1+ ; < Xn+1 < x+ ltcx;‘2,.-'.'—15 1+ ;

| 34/35
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Tolerance Intervals for a Normal Distribution

@ A tolerance interval to contain at least Y% of the values in a normal
population with confidence level 100(1 — )% is

X — ks, x + ks

where k is a tolerance interval factor for the normal distribution found in
appendix A Table XII. Values are given for 1 — =0.9, 0.95 and 0.99
confidence levels and for v = .90, .95, and .993 probability of coverage
@ One-sided tolerance bounds can also be computed. The factors are
also in Table XII

=N 35/35
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Confidence bound

Tuesday, April 8, 2025 11:28 AM

Jooly ~=\% < I,
Ny v
0 < V< e
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Problem 8-12, part b

Tuesday, April 8,2025  11:35 AM C‘j g % 1/01_)’*9 — C@V\Q { 0{;@ N @ O /—j
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Chapter 8, Case 1 PP

Tuesday, April 8, 2025 11:46 AM

QUESTION 1 -

o

Consider a sample of size 15 from a normal distribution with mean 124.8 and sigma 15.69. What is the value of a two-sided 99.9 % confidence interval for the mean?

Screen clipping taken: 4/8/2025 11:46 AM - ﬁ 7 . ?
| Q(\ | ‘QL\ ; <

\—OQ: 090{?

o = . OO0
_ 5 ~ >
%L S EHE T2 ViR

Z aoo//l = Zeoos - eéw)”ow{
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Chapter 8, Case 1 PP

Tuesday, April 8, 2025 11:49 AM

fo(i-s\% =707
QUESTION 4 \[\/ _—
Consider a sample of size 10 from a normal distribution with mean 16.7 and sigma 3.65. What is the value of a 90.0 % upper-confidence bound for the mean? (/ ~ —_ 7
O mu <=18.599 —
O mu<=18.407

O mu=<=18.891

O mu==17.168

) mu<=22.099

) mu==18.179

N 40X+ 20 S5
Screen clipping taken: 4/8/2025 11:49 AM
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Chapter 8, Case 1 PP

Tuesday, April 8, 2025 11:52 AM

QUESTION 5 ~

W X o

Consider a sample of size 30 from a normal distribution with mean 30.8 and sigma 3,85. What Is the value of

a99.0 % lower-confidence bound for the mean? ) [6) (\/) /0(_\ aé - 7 7 Z
O mu>=24.504 —

O mu>=29.651

O mu>=29.527 9\ Z )\J A (/ - °‘\ = e 9 ?
O mu ==30.501 -

O mu >=28.989

O mu>=29.165 /{/ d — 2 O l
O
Screen clipping taken: 4/8/2025 11:52 AM

Z~O/ = %Oﬁ)/‘ol — QBQ&
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Tuesday, April 8, 2025 12:08 PM
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Chpater 8, case 2 pp

Thursday, April 10, 2025 11:28 AM

A

Consider a sample of size 27 from a normal distribution with mean 12.3 an?.%. What is the value of a 97.5 % lower-confidence bound for the mean?
0 mu==9.925

() mu>=11.843

loo(1-\Z = T S4
7&73){ SMV/Q/PU!WOV\ Cr-a) =, 975

X = .oz
O mu=>=11.178

) mu==12.113 - S
S —top, s <)

e -é_ngo?;-/ —“d.osC

Screen clipping taken: 4/10/2025 11:29 AM

K45
/(A3 =~ &.05C @5//

/), 33055 < _/

Chapter 8 Page 26



Chapter 8, case 2 pp
Thursday, April 10, 2025 11:33 AM p—
So X </— 957¢
QUESTION 2 = O 2SS

Consider a sample of size 7 from a normal distribution with mean 17.0 and s 3.32. What is the value of a 99.75 % upper-confidence bound for the mean?
) mu <=19.047
mu<=24.843

S

—_=

Screen clipping taken: 4/10/2025 11:33 AM //f 5('1_ LOC/,\ y m
Neeod T-002 7+ =4 37

M J7 - 43;;(57%\2
e 9Lz
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Chapter 8, case 2 pp

Thursday, April 10, 2025 11:36 AM

QUESTION 5 \/\ _—

Consider a sample of size 23 from a normal distribution with me’.Kzs,? and 5 6.19. What is the value of a two-sided 99.8 % confidence interval for the mean?
O (20.346,31.054)

) (21.552,29.848) /_\ D\\(\O/( o4 \.7 J~ = . 9(;5)) So X —~ cOO{
O 21.176,30.224) —

:2::;:5236:;;] QS e e totsing = fuog%)o?g‘/ - iaCC_)/)c;z& = X3 .305

2 {19.861,31.539)

Screen clipping taken: 4/10/2025 11:37 AM X {M) /I'. / 7;\ 4 //A >( + %O(/Z ) n \/ T/L

257 -3 5\[\)</U< %3 S5 6”)

Q)1 F460R N £ 50 2235

A.|—+em9[@/"-< - D
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Chapter 8, Case 3

Tuesday, April 15, 2025 11:20 AM

QUESTION 1 -,

N

Consider a sample of size 12 from a normal distribution with mean 61.8 and sample standard deviatj
bound on the variance?

() 58.381
) 58. 0_ A
() 66.489
O 57.778
O 61.937

. . = Z
O 8.154 % (/\ /X S _\4 d_é 7 /J ’2\’ = 11.2 g>

Screen clipping taken: 4/15/2025 11:20 AM %Z
X, nN-7

What is the value of lower 90.0 % confidence
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Chapter 8, case 3

Tuesday, April 15, 2025 11:26 AM —
x I .
QUESTION 2 S <z } 07

e
Consider a sample of size 24 from a normal distribution with mean 61.4 and sample standard deviation 16.71. What is the value of a two-sided 90.0 % ﬂ ]
confidence interval for the variance?

() (55.554,67.246) _\cr7- - 2 - 2_ 2 - L
g GV S s 2 U ) S Keps oy =¥ 05523

O (135732 L - —_— Z . —

O (176.336,463.693) 9( 20 /% “oiz,n </ = _3 >,/ Z

Screen clipping taken: 4/15/2025 11:26 AM Z
a1\ (e 71

2
FRYAIZY 2 2
— <O‘_L \< (D\)’ 2/& ¥’B y) /2,0 = ﬂ/,gf)'c;\j
9('55723 7(=9;', 23 = 13.09

(24)-1) (16 71)% L ()
\
W S /3. 0m

/89605 éo—z ﬁ A/C}O-Glé—’
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Chapter 8, Case 3

Tuesday, April 15, 2025 11:34 AM

Qu.esno J\ S‘C ]D }A = ‘g

gm a normal distribution with mean 27.1 and sample standard deviation 10.19. What is the value of an upper 90.0 % confidence
S
- \ 2

—~ Pz
) =%, Ny

2 . (%"\/’D"C)JL _356. 93
Cs TEes s

S O < W:/O'O’QG

—_— S:}D.,?

N =)
QQQ‘J 7(/2;)) Q-/

= 3(7:%,;1
cA-Y3

o)

Screen clipping taken: 4/15/2025 11:34 AM
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