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Lecture 7, February 13
Agenda

o Start Chapter 3 lecture
e New: CDF Practice Problems (assigned 2/13/2025, due
2/18/2025 11:59pm)
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Handouts

@ Chapter 3 Slides
@ Chapter 3 Slides marked
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Random Variable

@ A random variable is a function that assigns a number real number to
each outcome in the sample space of a random experiment.

@ A discrete random variable is a random variable with a finite or
(countably infinite) range.

e Examples include number of scratches on a surface, proportion of
defective parts among 1000 tested, number of transmitted bits received
in error

@ A continuous random variable is a random variable with an interval of
real numbers for its range.

e Examples include electrical current, length, pressure, temperature, time
voltage, weight

. 5757



MANE 3332.03 Lecture 7, February 13

Definitions

There are three terms commonly used in describing the mathematical
relationship between events and probabilities for discrete random variables
Probability distribution

of a random variable is a description of the probabilities associated
with the possible values of X

Probability mass function

for a random variable X with possible values x1,xo, ..., X, is

f(xi) = P (X =x)

Cumulative distribution function

of a random variable X is

il\,\_D/V/\,\_ \" o
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Probability Distributions

Can be described in three different ways:
@ Graphically using a histogram,
@ in a tabular manner, see problem 3.1.13 on page p-15 or,

© using a mathematical function (PMF), see problem 3.1.11 on page
p-15.
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Probability Mass Functions

A PMF for a discrete random variable X with possible values of

X1, X2, ..., Xp is function with the following properties:
e f(x;) >0
o X0y ) =1

o f(X,') = P(X = X,')
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Cumulative Distribution Function

There are three special properties that a function must satisfy to be a
cumulative distribution function (CDF):

o F(X) = P(X SX) :Zx,-gx f(Xi)
@0<F(x)<1
@ If x <y, then F(x) < F(y)
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STl
Using a CDF

o Knowledge of the CDF can simplify calculating probabilities

@ Example consider a sample of 20 items and we count the number of
defects, X

o Find P(X > 8)

20
PX>8)= > P(X=i)
i=9
= F(20) — F(8)
This can also be written another way
P(X>8)= 1-P(X<38)
- 1- F(8)

@ Care must be taken when using CDF regarding less than or less than o/r
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CDF Practice Problems
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Mean and Variance of a Discrete Random Variable

@ The mean or expected value of a random variable (denoted E(X)) is

n
= ZX,'f(X,')
i=1
@ The variance of X is

n

o2 = V(X):E(X—u)2:Z( — 1)?f(x;) Zx f(xi)—

i=1

@ The standard deviation of X is

o=/ V(X)

o Fortunately, we won't often use these formulas. Distributions will have

B .



MANE 3332.03 Lecture 7, February 13

Bernoulli Distribution

The Bernoulli distribution is one of the simplest statistical distributions.

@ The Bernoulli distribution is a random variable that can take only two
values

@ Usually the events are labelled 0 and 1

@ The distribution is defined by a single parameter p (0
the values 0 and 1 with P(X =0) =1 — p and P(X

Il |/\
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@ The mean is

@ The standard deviation is
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Summary of Common Probability Distributions (Discrete)

A-4 APPENDIX A Statistical Tables and Charts

kg

Summary of Common Probability Distributions

Section

Probability
Name Distribution Mean Variance in Book

Discrete
- 2 o
Uniform l,a <b M M 35
n 2 12
Binomial "pr = py np np(1 - p) 36
x
x=0,1,...,n,0<p<1
1 —pp-!
Geometric i 1/p (a-p/p 37
x=12,..,0<p<1
x=1 A = pyrr
Negative binomial r—1 L r/p r(1-p)/p* 37
x=nr+lr+2,..,0sp<1
K||N-K
xfln=-x
N np -
Hypergeometric K- np(l = p) (N ") 3-8
n where p = ¥ N-1

x=max(0,n =N +K)1,...
min(K,n),K <N,n <N

14 /37



MANE 3332.03 Lecture 7, February 13

Discrete Uniform Distribution

@ A random variable X is a discrete uniform rv if each of the n values in
its range, x1, x2, ..., X, has equal probability

@ The PMF of a discrete uniform is defined to be
1
f(x)) =~
(x) =

@ If the discrete uniform random variable is defined on the consecutive
integers a,a+1,...,b for a < b. The mean is

b+ a

p=EX)=

and the standard deviation is

[(b—a+1)2-1
. 57
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Problem 3.80

3-80. 0 The lengths of plate glass parts are measured to the
nearest tenth of a millimeter. The lengths are uniformly dis-
tributed with values at every tenth of a millimeter starting at
590.0 and continuing through 590.9. Determine the mean and
Variance of the lengths.

Figure 1: Problem 3.80
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Binomial Distribution

@ A very common and important distribution. See examples on pages 80

@ A binomial experiment is an experiment consisting of n repeated trials
such that

@ the trials are independent
@ each trial results in a Bernoulli outcome

© the probability of success on each trial, denoted as p, remains constant

@ To be a binomial distribution, the sampling must be done with
replacement. In some situations, the binomial distribution can be
used when the sampling is done without replacement
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Binomial Distribution

@ The binomial PMF is

n X _ n—x
f(X)—<X>p (1-p)
n _ n!
where ( p ) = =)
@ The mean of a binomial random variable is

p=E(X)=np

@ The standard deviation of X is

o =1/np(1 - p)
. 18/37
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Example Problem

Suvces Movigomeny, Runger, Hebe le (2004,
Evg ineeri ng. Stabishcs

(a) Sketch the probability mass function of X.

(b) Sketch the cumulative distribution.

(c) What value of X is most likely?

(d) What value(s) of X is (are) least likely?

3.79. The random variable X has a binomial distribution with
n = 20 and p = 0.5. Determine the following probabilities.

(a) P(X = 15) (b) P(X = 12)

(c) PX=19) ) A3 =X<15)

Wlaﬁw distribution function.
19/37
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Excel Formula for Binomial Example

Problem 3-79

I E—
__ |~BINOMDIST(A220,05FALSE) _|
=BINOMDIST(A3.20.0.5FALSE) |
|SBINOMDIST(M.20.0.5, FALSE) _|
|=BINOMDIST(AS,20,0.5,FALSE)
=8 ISTY X

x>

_|=BINOMDIST(A16,20, niﬂw
=BINOMDIST(A17,20,0.5,FALSE)
=BINOMDIST(A18,20,
-BINOMDIsTﬂﬂ
|=BINOMDIST(

_ [=Bi T(
E BINOMDIST(A22.20.0.5,FALSE)
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MANE 3332
Cumulative Binomial Probability Tables
APPENDIX A Statistical Tables and Charts

TABLENl | Cumulative Binomial Probabilities P(X < x) (continued)

AT
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Binomial Practice Problems J
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STl
Hypergeometric Distribution

The hypergeometric distribution is one of the commonly occurring
distributions in quality.

@ A random variable is hypergeometric when a set of N objects contains
o K objects classified as successes and
e N — K objects classified as failures

e a sample of size n is selected without replacement from the N objects,
where K< Nand n< N
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STl
Hypergeometric Distribution

@ The hypergeometric PMF is

@ The mean of X is
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Hypergeometric Example Problem

m;:..“- Mowtome s & e(300).
Bk

Agplial Stadinkics bl kg fon
Eygincevs
L = 4o, n=20

) k=20, PLor= I-plr=o)
%ZL%"M . 0.0356
(55)
PLoyl] = 1-0356 = Guy
I Kes, £ PDx71] = 1-26=0)
#(o\:w - 0457

)

PLxyi]= \- 4571 = 5421
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Excel for Hypergeometric Example

HWE rgeometric Eyo v@}Q

x ) Fix)
[ 04571 04571
1 03940 08511
2 01280 09790
3 00195 09986
4 00014 1.0000
5 00000  1.0000

EXcel GDO’Q
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Binomial Approximation to the Hypergeometric Distribution

@ The mean and variance of the hypergeometric and binomial
distribution are very similar. The variance only differs by the finite
population correction factor,

N —n
N—-1

o Sampling with replacement is equivalent to sampling from an infinite
set (without replacement) because the proportion remains constant

o If nis small relative to N, then the finite correction is negligible and
the binomial distribution can be used as an approximation to the
hypergeometric.

@ A rule of thumb is to use this approximation when N/n > 20.

. S5
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Geometric Distribution

e Montgomery and Runger (2003) define a geometric random variable to
be the number of trials until the first success of a series of independent

Bernoulli trials, with constant probability p of success

@ The PMF of a geometric distribution is

fx)=1-p)tp, x=1,2,...

@ The mean of a geometric random variable is
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Geometric Distribution Example

Gesmetric DS o1 bation Exanple

e random variable X has a g
mean of 2.5, Determine the following

@ PX=

0 ) P =4)
©PX=35) (@ PX=3)
© Px>3)

Source:, Momtgomery 4 Ruwger{2003).
i il
Engineers

_ |
Note /"2—7|- =28 =7 P= 7504
w&\ ?(x:.\=(|-P§"’? . (o oy

At Y POz Dle) +Plx=a) +Ple 3

Ph=a)= (=174 = o4
Px=3) = (= = oomy
Ply¢3)= A+24 1w = 734

Part e P¥73)= J-(?(x=|3+“P(x=a)>

1= (.4 +24)
36

- o4

"o
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Negative Binomial Distribution

e Montgomery and Runger (2003) define a negative binomial random
variable to be the number of trials until r successes are observed of a
series of independent Bernoulli trials, with constant probability p of

success
@ The geometric distribution is a special case of the negative binomial
distribution with r =1

@ The PMF of a negative binomial distribution is

-1
f(x) = ( ):_1 )(1—p)x_rpr, x=r,r+1,...

@ The mean of a negative binomial random variable is

30/37
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Negative Binomial Example

Nead\‘ue Rinomial  Digte bukon
B An locronic sl in s omaed g opersion
op the manufcuring v e e underweght pckages
e detete. Suppoe that e probbilty of n underweign
package 50001 und cach il ndependent
{8) What is the mean number of fls befor the i is

stoppedt
(b) What is the standard deviation of the number of fills
before the line s stopped?

Source: Modjomery. d Runger(303) . hypliec!
Sudiohics &b bbby o Eg ineers.

ptd r=3, pEoel

/J_ J-;%o' : 3000

- P
MD o—:J—L(T‘?L'—)___ 3(1~001) - {‘73)"8
- Lo
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Poisson Process

@ The number of events over an interval (such as time) is a discrete
random variable that is often modelled by the Poisson distribution

@ The length of the interval between events is often modeled by the
(continuous) exponential distribution

@ These two distributions are related

32/37
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Poisson Process

@ The number of events over an interval (such as time) is a discrete
random variable that is often modelled by the Poisson distribution

@ The length of the interval between events is often modelled by the
(continuous) exponential distribution

@ These two distributions are related
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Poisson Process

Assume that the events occur at random throughout the interval. If the
interval can be partitioned into subintervals of small enough length such that

© The probability of more than one count in a subinterval is zero

@ The probability of one count in a subinterval is the same for all
subintervals and proportional to the length of the subinterval, and

© The count in each subinterval is independent of other subintervals, the
random experiment is called a Poisson process

] 34/37
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Poisson Distribution

If the mean number of counts in the interval is A > 0, the random variable

X that equals the number of counts in the interval has a Poisson
distribution with parameter \

@ The Poisson PMF is

e M\

f(x) = , x=0,1,2,...

@ The mean of a Poisson random variable is

E(X)=p=2AX
@ The variance of a Poisson random variable is
V(X)=0%= )\

. 5573
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Poisson Practice Problems J
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Poisson Example

Poisson E- Yample

3.100. ork cards are communicatng, bits can
occasionally be corrupted in transmission. Engincers have
determined that the number of bits in error follows a Poisson
distibution with mean of 3.2 bits/kb (per kilobyte).
(8) Whati the probability of $ bits being in error during the
transmission of 1 kb?
6 Wit i e protbilsyof  bis bing n o uing b
transmission of 2 ki
(© Whatis the pmhlh\llly ofno error bits in 3 kb?

Source: Moclgomey, Ruger, Habele (3c0d) .
Evgineerivg Stutitics

S Lt Plzs)  1=32
£(5)= '_SJA— oy

A e Pl 8) ot Rt cloged f (K +o 2D

az al3N=¢H

L8y = e‘“ - 0.6

gte) Do POEO) 6k X e gl ggin
2=3(32)= 9.4

Cloy = e_q“U -6

— e = 0.000|

e 3737
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