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Agenda

e Start Chapter 3 lecture
e New: CDF Practice Problems (assigned 2/17/2025, due
2/19/2025 11:59pm)
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Random Variable

@ A random variable is a function that assigns a number real number to
each outcome in the sample space of a random experiment.

@ A discrete random variable is a random variable with a finite or
(countably infinite) range. (.. F+ o \&55- v

'
X o Examples include number of scratches on a surface, proportion of
Mg defective parts among 1000 tested, number of trTnsmitted bits received

in error @,ad\e/se}'ﬁ' —7 @m ‘bbL‘ 11&6’*

@ A continuous random variable is a random variable with an interval of

( real numbers for its range. ead- Nl
@%\ e Examples include electrical current, length, pressure, temperature, time
voltage, weight N R
N 7 @m\f)%l\ v
(“6%55 NS

Grea Wweler oy

V(o

5/37

Chapter 3 Page 5



MANE 3332.04

Lecture 7, February 17

Definitions

There are three terms commonly used in describing the mathematical
relationship between events and probabilities for discrete random variables
Probability distribution

of a random variable is a description of the probabilities associated
with the possible values of X

WA |
Probability mass function WP( {*MJ':?L (ﬁ?‘ ¢

N>

\/\‘\/ &~ for a random variable X with possible values x1,x,. .., X, Is
N\ G‘Q
S \owef =7 \)&Ml K _Q(
(o fl) = P(X=x) \ow /¢
QQ/qumulative distribution functich C D?
of a random variable X is
i[\,\ — DIV ~ .\ — N\ £ 6 /51

Foiyz PUXen-= 5 &)
¥ &YX
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Probability Distributions

Can be described in three different ways:
© Graphically using a histogram,
© in a tabular manner, see problem 3.1.13 on page p-15 or,

@ using a mathematical function (PMF), see problem 3.1.11 on page

p-15. —7 Mo Comiken U%v‘ya) ;Jrﬁéap%

| 7/37
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Probability Mass Functions

Q(x\ - @(X: X\

A PMF for a discrete random variable X with possible values of

X1,X2,...,Xp is function with the following properties:(\

o f(x) >0 en-nesd v > x -
. Voo

0 T F(x) =1 95um of ok bl o 4y cventer mstegt |

° f(x,'):P(X:X,‘)

¥ ¥ X}+ o X“‘B

ey /57
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Cumulative Distribution Function

There are three special properties that a function must satisfy to be a
cumulative distribution function (CDF):

o F(X) = P(XSX) =Zx,—§x 1f(X-")
@ 0<F(x)<1
@ If x <y, then F(x) < F(y)

ey o/57

Chapter 3 Page 9



MANE 3332.04 Lecture 7, February 17

Using a CDF

@ Knowledge of the CDF can simplify calculating probabilities

@ Example consider a sample of 20 items and we count the number of

defects, X )(C-?O\ Iy -y 303
e Find P(X > 8) -5 >(> % — zqsw/”‘m)go\%
20 2
PX>8)= Y Px=i)-B 'ZA_Z,QA
i=9 v

o AR(Y49) _ M‘_

This can also be written another way
P(X>8)= 1—-P(X<8)
= 1— F(8)

@ Care must be taken when using CDF regarding less than or less than or

Qrbbily S4ste
& Y7 % o XN
-FD

Chapter 3 Page 10



CDF Practice Problems
Prxys) = |- F(S} — POz = 1-Fla)
V¥, 3N = 1-F6)

Vx<4y = YA
o rys sy — ()

Ofy=a) = ¥AD ~F Y 7 9/)(:5\:Vf\br>w)

gds
S, | od A

11,37

Hedoee 517 — 1, A
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Mean and Variance of a Discrete Random Variable

@ The mean or expected value of a random variable (denoted E(X)) is

Ve E A peed Lode . Londyiou

if (X " .
4Zx (xi) E)f,:)(l,L%L.,«_.-.%L

@ The variance of X is

n

o2 =V(X)=EX —p)?= > (xi— 1)? Zx:)f (xi)
i=1
94\ W\ow\eA)o‘ 4 memL

@ The standard deviation of X is

[ - o= alc(o-ﬁl

e Fortunately, we won't often use these formulas. Distributions will have
12 /37
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Bernoulli Distribution

The Bernoulli distribution is one of the simplest statistical distributions.

@ The Bernoulli distribution is a random variable that can take only two

values H&A/ﬁ e, @/W) 6%»/7&’@

@ Usually the eventd are labelléd 0 and 1
Y AN Sueees

@ The distribution is defined by a single parameter p (0 < p < 1), takes
the values 0 and 1 with P(X =0)=1—-pand P(X =1) =

@ The mean is = % X ‘p&B—: W) %l‘f&\

ey 13/57
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Summary of Common Probability Distributions (Discrete)

A-4 APPENDIX A Statistical Tables and Charts

- Summary of Common Probability Distributions

Probability
Namu Distribution Mean Variance

P

Section
in Book

N2 X
Uniform 1 <b (b+a) (b=a+1y-1 35
A ~ n 2 12
s . n
Bmom:alQ K [ Jp‘(l -pr np np(l = p) 36
g
x=0,1,...,m0<p<1
(1=-py! "
Geometric PCE 1/p (1 -p)/p’ 37
x=12,..0<p<|
x=1
B a=py'p 3
Negative binomial r-1 r/p r(l - p)/p* 37
x=rr+lr+2,..08p<1
K|[N-K
X n-x
N np -
Hypergeometric K np(l "”(M) 38
n where p = N N-1

x=max(0,n = N+K),1,...
min(K,n), K SN,n <N

=
Paror™

ee
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Discrete Uniform Distribution

@ A random variable X is a discrete uniform rv if each of the n values in
its range, x1, X2, ..., X, has equal probability

\
@ The PMF of a discrete uniform is defined to be )‘/'h M.
ta r_\)\
1

f i = — B
(xi) n X \ xn x
@ If the discrete uniform random variable is defined on the consecutive
integers a,a+1,...,b for a < b. The mean is
b
p=EX) ="

and the standard deviation is

/(b— a+1)2 -1
I 15/37

v (beaw)? -
& = L %\ oA L/)(’>
I )7

tJ)
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Problem 3.80

3-80, 0 The lengths of plate glass parts are measured to the
Nearest tenth of a millimeter. The lengths are uniformly dis-
tributed with values at every tenth of a millimeter starting at
590.0 and continuing through 590.9. Determine the mean and

im:ignce:ﬂ' the lengths.
¢ }510.0B5B) .. S92
Figure 1: Problem 3.80 7

/, o0 L()/laA_Z/ o fly are fh*y«rg—?
N Ca~)7/ e M= a%b
Oclinkion: M= T xfa)

16 /37
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Binomial Distribution

@ A very common and important distribution. See examples on pages 80

e A binomial experiment is an experiment consisting of n repeated trials
such that

© the trials are independent
@ each trial results in a Bernoulli outcome
© the probability of success on each trial, denoted as p, remains constant

@ To be a binomial distribution, the sampling must be done with
replacement. In some situations, the binomial distribution can be
used when the sampling is done without replacement

ey /5
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Binomial Distribution

@ The binomial PMF is

n n!
where ( N ) = X1

Lecture 7, February 17

@ The mean of a binomial random variable is

jp=E(X)=np

@ The standard deviation of X is

T =

Chapter 3 Page 18

np(1 — p)
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Example Problem

Sowce: I“Dv‘ﬁﬁomew(y, Ruvye.a, uube \e (2004\,
Evg ineering. StahisHics,

(a) Sketch the probability mass function of X.

(b) Sketch the cumulative distribution.

(c) What value of X is most likely?

(d) What value(s) of X is (are) least likely?

3-79. The random variable X has a binomial distribution with
n = 20 and p = 0.5. Determine the following probabilities.

(a) PX = 15) (b) P(X = 12)

(c) PX=19) (d) P(13=X<15)

Wlative distribution function.
19/37
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Excel Formula for Binomial Example

7:0“?"‘ 3= 79

= 20/37
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Cumulative Binomial Probability Tables

APPENDIX A Statistical Tables and Charts AT

- Camulative Binomisl Probabilities PUX < x) (comtinund)

Chapter 3 Page 21
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Binomial Practice Problems J

ey 2/3
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Hypergeometric Distribution

The hypergeometric distribution is one of the commonly occurring
distributions in quality.

@ A random variable is hypergeometric when a set of N objects contains
e K objects classified as successes and
o N — K objects classified as failures

e a sample of size n is selected without replacement from the N objects,
where K < Nand n< N

ey 2357
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Hypergeometric Distribution

@ The hypergeometric PMF is

@ The mean of X is

ey e

Chapter 3 Page 24



MANE 3332.04 Lecture 7, February 17

Hypergeometric Example Problem

ije—-[c}ﬁ'nm(?"‘ffll‘«._ [—_ﬁamﬂﬂe_

4y 1.52 Pristnd circit canés swe placed in & fasctiona] tew
" Alet comtai

140 cards, and 20 are selected witbous seplacernent for func-
tiaral

mestng.

83 1 26 cards are defective, wh is fhe probabiity dai st
a1 defective g b i e ?

1) 175 cards e defossive, what i the probabilicy that o beast

] dofecire cond sppears i Lhe serpi?

Bewee I ..)“g.‘a i o~ aed]
Agpliad n.?w».‘.s 3—-&%-.3; fre
Egincers

12-1)"3 N =14p, r=ao
4 k=20, PLxwil= I-Pleze]
Ho-3o
Feoy= (?)(3‘:"35 - 00356

PLayl] = 1-0356 = G4uy
pIb) k=8, Find PLx717 = 1= D(x=0)
O3 e
[ {v]

20

P[KZI]: V- 4571 = 5439

ey 25/37
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Excel for Hypergeometric Example

Ry pergematnc Fro ,W’Q

x) Fix)
04571 04STY
03040 08511
01280 00790
0.0106 0.0008
00014 1.0000
00000 1.0000

Ex(el Gsde

waun=-oN

Chapter 3 Page 26
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Binomial Approximation to the Hypergeometric Distribution

@ The mean and variance of the hypergeometric and binomial
distribution are very similar. The variance only differs by the finite
population correction factor,

N—n
N—-1

e Sampling with replacement is equivalent to sampling from an infinite
set (without replacement) because the proportion remains constant

@ If nis small relative to N, then the finite correction is negligible and
the binomial distribution can be used as an approximation to the
hypergeometric.

@ A rule of thumb is to use this approximation when N/n > 20.

ey /50
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Geometric Distribution

e Montgomery and Runger (2003) define a geometric random variable to
be the number of trials until the first success of a series of independent

Bernoulli trials, with constant probability p of success

@ The PMF of a geometric distribution is

f(x)=0—-p)tp, x=1,2,...

@ The mean of a geometric random variable is

Chapter 3 Page 28
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Geometric Distribution Example

Creometric st bution Exanple

372, Supposs the random variahic ¥ ha o geomesie
diribaticn wih & mean of 1.3, Desermine the following
prebubiies
ia) PLE= 1) () P = )

) AT= 5 i) Y =3

0 AT 3
Soune Moattome g R et 2008
ot ot
Eogineers

|
Mete :”‘Pl_ =25 =7 P=zs 04
N (R R RS
,&‘.Jd\ Plre3)= Phe) +Pl(x=2) + Pl
Ph=a)= (11" 4 = 024

Pex=3) = (=Y = ooy
Ply<3yz 4+ o = 754

Parte Plyr3dd= |- (P(r:r)Jr-"P(x:st})
= I—{q + 24)
= 36

29/37
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Negative Binomial Distribution

e Montgomery and Runger (2003) define a negative binomial random
variable to be the number of trials until r successes are observed of a
series of independent Bernoulli trials, with constant probability p of
success

@ The geometric distribution is a special case of the negative binomial
distribution with r =1

@ The PMF of a negative binomial distribution is

f(x) = ( fii)(l—p)x—’pn x=rrtl,...

@ The mean of a negative binomial random variable is

r
n=E(X)= -
(X) =7

e 0/57
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Negative Binomial Example

N@e}ue Ritomial Disteibuton
D T ———
"V"""ds!wﬂhlﬁ-wmllyafn-hn—nﬁ

package i 0.001 and each Al i in
() What s #he mess marber of fils befire the lice is

sepped?
(6) What s the staadd deviacon of e menber of fill
Sefons the fine s rpped?

Sourte: Mpomer. 4 Runger(3003) . hypliec!
Sadiskics §Probabil iy for Enginesss.

M‘\ r=3 p=o.ocl
P= '{;:'.'}éo[ = 3000

o0 oo [T < [T 1718

E—— /3
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Poisson Process

@ The number of events over an interval (such as time) is a discrete
random variable that is often modelled by the Poisson distribution

@ The length of the interval between events is often modeled by the
(continuous) exponential distribution

@ These two distributions are related

ey 257
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Poisson Process

@ The number of events over an interval (such as time) is a discrete
random variable that is often modelled by the Poisson distribution

@ The length of the interval between events is often modelled by the
(continuous) exponential distribution

@ These two distributions are related

ey 5357
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Poisson Process

Assume that the events occur at random throughout the interval. If the
interval can be partitioned into subintervals of small enough length such that

© The probability of more than one count in a subinterval is zero

@ The probability of one count in a subinterval is the same for all
subintervals and proportional to the length of the subinterval, and

© The count in each subinterval is independent of other subintervals, the
random experiment is called a Poisson process

| 34 /37
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Poisson Distribution

If the mean number of counts in the interval is A > 0, the random variable

X that equals the number of counts in the interval has a Poisson
distribution with parameter A

@ The Poisson PMF is
e ANX

f(x) =——, x=0,1,2,...

x!

@ The mean of a Poisson random variable is

E(X)=p=A

@ The variance of a Poisson random variable is

V(X)=02= )\
|

35 /37
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Poisson Practice Problems J

ey % /37
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Poisson Example

Poisson  Eample

3100, Whes setwork cands e commenieaing, b can

oecamonally be coerupied in tanamasios. Bagineers have
e that the pasmber of St i e fBiees & Potascn

disributon with ean of 1.2 ba/kb {per kilninpe).

s 5 b b

warsaiasion of | KT
) v beis
traramisnon of 2 ky?
i) W is the prodability of so ersor bits is 1 kb7
Sewrte: Maslpomey, Rusrger | B bele ( 3e04)
Engireeriog Saivhes

o it P0=s) K= 32
-3 L
fey- 2B 2oy

G“”’) foel Plx=8) rote A und choged foe | 14R +o LBD

»z a3a) =¢.4

g

frey=e8%4" oo
g!

{PJC\} 'C?nc}' D(:{de et X Lnids c.la?»lssa;u...
A23(32)= 94

-54

- e e -9k
AE 6“?.5 e = 0.000

ey 51/37
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CDF pp

Monday, February 17, 2025 8:45 AM

QUESTION 1

Let X be a raad
:

Chapter 3 Page 40

R vgriable with cumulative distribution function, Fix). Find P(X=5).

® s = Y15 - FOI

/‘\/\/

Q{l\i 2\ = TN F(??\

D/YL?'S or P/X{—ﬂ —7 ):—[7

P> 7 )or Prxs2) = I-Ffﬁ




CDF pp / N
Monday, February 17, 2025 8:49 AM \M\\ QV\ \|§ '_*a ‘g % m '"e ?

QUESTION 3 @ ( ’X g ( ? Y\
Let X be a random variable with cumulative distribution function, Fix). Find P(X>6). >< 7 é ‘ C )

O 1-F(5)
R )]

) Fi6)- F(5).
) FHB) —— F 6
O 1-F(6).

Screen clipping taken: 2/17/2025 8:50 AM

I
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Monday, February 17,2025 8:51 AM Qe Q)G v \‘ FZ& C nF i S @/YS')(

QUESTION 5

varlable with cumulative distribution function, F(x). Find P{X <=37). O \( - 5 ¢> - I 3 ‘

F(37) - F(36).
O F(36)
O 1-F37)

)

oy

2 1-F(36)

Screen clipping taken: 2/17/2025 8:52 AM
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Monday, February 17, 2025 8:52 AM

QUESTION 7

Let X be a random variable with cumulative distribution function, F(x). Find P(X==12). / F ( /J
O 1-F1 — ~

O 112 @ y > / J D_ <

O F(12)-F11)

O H12)

R 45

O F(11)

Screen clipping taken: 2/17/2025 8:53 AM
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Monday, February 17, 2025 8:54 AM

QUESTION 9

—
Let X be a random variable with cumulative distribution function, F(x). Find P(X<36). Q / Y‘ 5 é — 51 [ 5 5
) F(36) - F(35). «

) 1-F(36)
O H35)
O F(36)
O 1-K(35)

Screen clipping taken: 2/17/2025 8:56 AM f e*
? Oy )
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(2. cheye, = IsSel(sY (Y = 017
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Wednesday, February 19, 2025 8:54 AM

QUESTION 1 y}f"[\ 0’3_: O. 7‘}

Let X be a binomial random variable with with parameters: n=4 and p=0.99. Find P(X>3).
() 0.0394

O 10 [) ( Y7 3 ) — | F 5
O 0.0006 -
Wcorrect answer iy ng¥provided.

S = /-.039Y
~ . W% O0

Screen clipping taken: 2/19/2025 8:56 AM
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Wednesday, February 19, 2025 9:00 AM

QUESTION 3

Let X be a binomial random variable with with parameters: n=10 and p=0.1. Find P(X<=6).
O 0.0001 —_— T

0.0

rrect answer is not provided. P/)(é(ﬂ \ - F/6>T ) . O O

) 0377
) 0.9999
) 0.3823

Screen clipping taken: 2/19/2025 9:03 AM
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Wednesday, February 19, 2025 9:04 AM
QUESTION 5
Let X be a binomial random variable with with parameters: n=3 and@xﬂﬂ].
() 0.875

(O The correct answer is not provided. P/

O 0.384 Y< O \

010 \ e~ -
O 0.125 > Yéz 777 /

O 0.0
P 4 X - Nz O. 9,
Screen clipping taken: 2/19/2025 9:05 AM
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Wednesday, February 19, 2025 9:07 AM

QUESTION 7

Let X be a binomial random variable with with parameters: n=10 and p=0.6. Find P(X>=2).
) 0.0106 D— -

correct answer is not provided.

O 0.0017 p/y? Q—> — ‘ —_ F ('

O 0.9877
O 0.0123

O 0.6778 l _ OCJ /' 7
<
Screen clipping taken: 2/19/2025 9:08 AM
- ' 7 g
—
”_—__
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Wednesday, February 19, 2025 9:09 AM

QUESTION 9

Let X be a binomial random variable with parameters n=10 and p 0.99. Find P(X=3).
O 0.7361

Paz)=F s\~ Fr

0.0
(O The correct answer is not provided.
O 0623

*—.:.O D)

Ap)—%emoéw/e S

Screen clipping taken: 2/19/2025 9:10 AM

Chapter 3 Page 51



