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Random Variable

@ A random variable is a function that assigns a number real number to
each outcome in the sample space of a random experiment.

@ A discrete random variable is a random variable with a finite or
(countably infinite) range. ..+ o \(55 v

4
x* e Examples include number of scratches on a surface, proportion of
Mg defective parts among 1000 tested, number of trTnsmitted bits received

in error @Od&/se},-s —7 @m Bblm ‘|\ﬁ~

@ A continuous random variable is a random variable with an interval of

( real numbers for its range. read-\Jald
@%\ o Examples include electrical current, length, pressure, temperature, time
voltage, weight N D
N 7 @m\)lbl\ v
Caé VNS

Gl e otV
L — 5/37
Vo
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Definitions

There are three terms commonly used in describing the mathematical
relationship between events and probabilities for discrete random variables

Probability distribution

of a random variable is a description of the probabilities associated
with the possible values of X RS )

Prm?;gj)l:}i\lg‘cu mass function WP( VMWH @Q\\é K

Ak
\[\/ &~ for a random variable X with possible values x1,x2, ..., xp is
o 5ol
\Nef =7 \)Wl {(
Cosa f(X,') = P(ﬁ = %) \o\}.) UQ,O/J
@/ﬁumulative distribution functic;'>1 C DF
of a random variable X is
N DIV N — N Ao

d 6/37

Foyz POXen= 5 &)
¥ &YX

Chapter 3 Page 6



(MRS e NIl  Lecture 7, February 17

Probability Distributions

Can be described in three different ways:
© Graphically using a histogram,
@ in a tabular manner, see problem 3.1.13 on page p-15 or,

@ using a mathematical function (PMF), see problem 3.1.11 on page

p-15. \7w\09+ Comikes U%vya) [#7«0%
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Probability Mass Functions

Q(x\’- @(X:X\

A PMF for a discrete random variable X with possible values of

X1, X2, ..., Xp is function with the following properties:
° f(x;) >0 \(\w\—r\eé»‘-’de _
0 Yl f(xi)=1 95um o L G‘“’\D‘\‘*‘a ol 4l eventan V"lcé"*égu-’( ,

o f(xi) =P (X =x)

-

X:U.H;*“'*m

oM
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Cumulative Distribution Function

There are three special properties that a function must satisfy to be a
cumulative distribution function (CDF):

Q@ F(x)=P(X <x)=3,<xf(x)
Q@ 0<F(x)<1
@ If x <y, then F(x) < F(y)

Chapter 3 Page 9
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Using a CDF

@ Knowledge of the CDF can simplify calculating probabilities

@ Example consider a sample of 20 items and we count the number of

defects, X X & 20\ Iy oy 203
e Find P(X > 8) - >(> % o 243\0/'\,“'196
20 2>
PX>8)= Y P(X=i)- fg“\

Co AR(YES) ) 5/';%5\_ €

This can also be written another way
P(X>8)= 1—P(X<8)
= 1 F(8)

@ Care must be taken when using CDF regarding less than or less than or

Gl Sete
B, W7 % ot XX
-FO
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CDF Practice Problems
Pixvs) = |- F(8) — Qx> = 1-Fla)

V¥, 3N = |-F@)

Oly=4) = ¥ w7 PAebITHD
e
’ SEIR S ) 20l A
] 11/37
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Mean and Variance of a Discrete Random Variable

@ The mean or expected value of a random variable (denoted E(X)) is

\[@w@d M

s
4 _ e | to--
@ The variance of X is
02 = V(X) = E(X—p:]zzi(x,—,u Zx f(xi) — p?

i=1 i=
3*\ W\ow\e«JL o memL

@ The standard deviation of X is

\j?”/ = U:\/TX) — 0:2'1(0*)2—

@ Fortunately, we won't often use these formulas. Distributions will have
1237
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Bernoulli Distribution

The Bernoulli distribution is one of the simplest statistical distributions.

@ The Bernoulli distribution is a random variable that can take only two

Doy fren, RAs fus/ R

@ Usually the eventd are labelléd 0 and 1
N Suees

@ The distribution is defined by a single parameter p (0 < p < ) takes
the values 0 and 1 with P(X =0)=1—pand P(X =1) =

@ The mean is Y= Z~|7(‘ ’FO(B /ﬁ) - 1[6‘\

#—E(X)—p SRR
-

—A

@ The standard deviation is

Chapter 3 Page 13
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Summary of Common Probability Distributions (Discrete)

T

A-4 APPENDIX A Statistical Tables and Charts

Probability
Distribution Variance in Book

g

(b+a) (b-a+1yP-1

35

|-

Uniform
A

b
7
Bmcme [ ]p‘{l -pr np np(l = p) 36
x

x=0,1,..,m0sp<1

(1=py'p

Geometric I/p (a-p)/p 37
x=12,..,08p<1
x=1
iy T AT, a=prp 5
Negative binomial r=1 r/p (1 =p)/p* 37
x=rr+lr+2,...08p<1
lx N-K
x)ln=-x
N np =
Hypergeometric K np(1 --,n(A ") 1.8
S where p = & N-1
= max{(O,n - N + K
min(K,n), K < N.n N

Voo™

eel
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Discrete Uniform Distribution

@ A random variable X is a discrete uniform rv if each of the n values in

its range, x1, X2, ...,X, has equal probability
\
@ The PMF of a discrete uniform is defined to be \/1‘- M
W
1
f i) = - PRI
(X ) n )( | }ty«
@ If the discrete uniform random variable is defined on the consecutive
integers a,a+ 1,...,b for a < b. The mean is
b+ a
p=EX)=—

and the standard deviation is

[(b—at1)2-1
] 15 /37

v (beaw)? -
7T L 2 ,%/x;-/’\z L/X/>
1A )2
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Problem 3.80
3-80. e The lengths of plate glass parts are measured to the
Dearest tenth of a millimeter. The lengths are uniformly dis-
tributed with values at every tenth of a millimeter starting at
590.0 and continuing through 590.9. Determine the mean and

V_ar.iance_of the lengths.
Y€ J 5.0 BB .. 55092

Figure 1: Problem 3.80

)= ﬁ—f o o 4l are hFgrers &

- ath

VO, @H UAe N“%
Oepin:lrfovt.' /‘/: 2_\)(‘{‘01)

16 /37
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Binomial Distribution

@ A very common and important distribution. See examples on pages 80

@ A binomial experiment is an experiment consisting of n repeated trials
such that

@ the trials are independent
@ each trial results in a Bernoulli outcome

© the probability of success on each trial, denoted as p, remains constant

@ To be a binomial distribution, the sampling must be done with
replacement. In some situations, the binomial distribution can be
used when the sampling is done without replacement

Chapter 3 Page 17
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Binomial Distribution

@ The binomial PMF is

f(x) = ( g )pxu —p)"

n n!

@ The mean of a binomial random variable is

w=E(X)=np

@ The standard deviation of X is

np(1 - p)
| 18/37

a
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Example Problem

Sa.wce‘. ﬂovffﬁo»\ewa, Ruvyew‘ “ube le (3004\
Evg ineering Stakistes |

(a) Sketch the probability mass function of X.

(b) Sketch the cumulative distribution.

(c) What value of X is most likely?

(d) What value(s) of X is (are) least likely?

3-79. The random variable X has a binomial distribution with
n = 20 and p = 0.5. Determine the following probabilities.

(a) P(X=15) (b) PX = 12)

(c) PX=19) (d) P13 =X<15)

Wlative distribution function.
19/37
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Excel Formula for Binomial Example

TProblem 3-79

= u‘uqu.un-e

I — 20/37
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Lecture 7, February 17
Cumulative Binomial Probability Tables

APPENDIX A Statistical Tables aad Charts A7

Cumubative Dinomial Probabdities P(X < x) (contiaund)

| I... o> o 2 Sors tosive Sam et . 21 /37
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Binomial Practice Problems J

[ — 2/51
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Hypergeometric Distribution

The hypergeometric distribution is one of the commonly occurring
distributions in quality.

@ A random variable is hypergeometric when a set of NV objects contains
e K objects classified as successes and
e N — K objects classified as failures

e a sample of size n is selected without replacement from the N objects,
where K < Nand n< N

[ — 2/51
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Hypergeometric Distribution ne (o ™™ w
@’ '
@ The hypergeometric PMF is v ° o A\ jS‘;/.):

@ The mean of X is
; Rq)@orubw\ 6?( sva(ﬁg

E(X)=p=np_ \ (’%

@ The variance of X is

0 = V(X) = np(1 - p) m: ﬂ

| 24/37
_C[\ L,)[/\eV\ ns §0 /\/:2383 N'K: )7575
! K =( 00

) (2 400\
[oy= ' )\son = 0. 1949

G P—_——
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Hypergeometric Example Problem

“.\}Fe—(j fa matric F-,to,_.g)]g\

.57, Pt et e sl 8 et -1
A being popniaiad wats sereicdtos chepa A b comins =

& o K = Jo (afedie

0 5 e e Y a4

_ .\ e 20

St sl BT DX, I\;z%

Eg.‘-\ce-rg L 1=
tr':—d‘ﬁ:ﬁ.-'-_—NG, p=ao ~ - Pr{:::)

Pt k=30, PLxu= [-Plx=o]
r(.,\;w - 0.0356
(®)
Plen/] = 1= 0356 = Gguy
Ly k=5, e PLxz0] = |- px=0)

Pl = B« FO) 6N ey ()( 077

Fh0ay + £ ——-——I_fg'; - 057
U)\a@s\e?a}s-{ (30
P[K?;]]_‘ ‘]-45” = . 54297
25 /37

a_?d TN 3/\}-@ bIZcr.ruL{

D 5t \5 wFro Pﬁ(}m/&/\/ﬂ[ok
N b F — R fnom ol

2\ PME — @%fMQ,O"'S (fnh@frﬁ& /‘)U/Qg\ea.ﬂcfr(
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Excel for Hypergeometric Example

H\agﬂr?ea matne Fra n,?JQ

fix) Fix)

x
0 04571 04571
1 03M0 08511
2 01280 08780
3 00185 09088
“ 00014 1.0000
5 0000 1.0000
\
Excel Gode
A
i x
R
(XL
...-4’_ =
[313 7‘_"’“__ ._“ AS A
4 [=HYPGEOMOIST(AS.20,5,140)
(718 [srvrEomoiETAT 20,51

e ] 26/31
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Binomial Approximation to the Hypergeometric Distribution

@ The mean and variance of the hypergeometric and binomial
distribution are very similar. The variance only differs by the finite
population correction factor,

\> N —n
N—-1

e Sampling with replacement is equivalent to sampling from an infinite
set (without replacement) because the proportion remains constant

o If nis small relative to N, then the finite correction is negligible and
the binomial distribution can be used as an approximation to the
hypergeometric.

@ A rule of thumb is to use this approximation w /n > 20.

Chapter 3 Page 27
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Geometric Distribution

@ Montgomery and Runger (2003) define a geometric random variable to
be the number of trials until the first success of a series of independent
Bernoulli trials, with constant probability p of success

@ The PMF of a geometric distribution is
fx)=01-p)tp, x=1,2,...
@ The mean of a geometric random variable is

h=E00 =~

@ The variance of a geometric random variable is

Chapter 3 Page 28
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Geometric Distribution Example

C‘Ia@me-] i € \\515 KIL tign E“"“"“PJE‘

(Fe7Y 5wnmmxhlm

dinribution with & wewn of 1.3, Desrmine i Silowng
b

nh MY =1 Y=

ey e v

e P 3}

.lqn.d sﬁduzmm&' S P=
Frgiaeers
) |
Mote F=3=28 =7 pzzyz04
(o - el

@}4\ ?(l:lw = (I-pjl-l P
Bt 8 POE3) = Phel) +Ple=a) 4Dk 3

Ph=a)= (-4 4 < 0.24
Prx=3) = - = ooy

@(x—,sﬁz (:AL‘\'?'(‘D

Ply£3)z 4+24 #0042 734
Park\ Plr= |- (pa=t) + Pr=ah
=1-{d 2 +.199

= 34 s Y

Chapter 3 Page 29

/'—as—w\e@/p
/V 73 9.5

3
= O\

¥

rfgi;))

29 /37



(MRS e NIl  Lecture 7, February 17

Negative Binomial Distribution

@ Montgomery and Runger (2003) define a negative binomial random
variable to be the number of trials until r successes are observed of a
series of independent Bernoulli trials, with constant probability p of

success Q/)( :5>

@ The geometric distribution is a special case of the negative binomial
distribution with r =1
(e o~

@ The PMF of a negative binomial distribution is

@ The mean of a negative binomial random variable is =
-~ P P [—
-
r
(X) p
| 30/37
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Negative Binomial Example

Ne(ju:}-v& Rinomial Distribudon

B A clocone e 0 s g eien  (~ % >

e decctad. Suppoce that the prebubility of m unkrvetght L b3
pockage is 0,001 und cuch 811 is exdependent }_}— = -
(3} What is the maaa ruambwr of fils befors e e i) - [ oo
segped? -
(1) What o e sancnd deviation of the raasber of il
Refure he iee s wpped?

Soune: Mbomon. 4 Runger(3oe8) . hglie!

Sadishics 4 Pro babiliby For Eegineers.
/x> 5) )
- T e ) r=3, p=o0.00l
_ (*(_l\(w\ g Pt Ao

- 30"0—'3(“.00&“% (.ool\3 F= 7 ="eo

. o0 oo [T < [Tl 17308

_o0A
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Poisson Process

@ The number of events over an interval (such as time) is a discrete
random variable that is often modelled by the Poisson distribution

@ The length of the interval between events is often modeled by the
(continuous) exponential distribution

@ These two distributions are related

Chapter 3 Page 32
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Poisson Process

@ The number of events over an interval (such as time) is a discrete
random variable that is often modelled by the Poisson distribution

@ The length of the interval between events is often modelled by the
(continuous) exponential distribution

@ These two distributions are related

Chapter 3 Page 33
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Poisson Process

Assume that the events occur at random throughout the interval. If the
interval can be partitioned into subintervals of small enough length such that

© The probability of more than one count in a subinterval is zero

@ The probability of one count in a subinterval is the same for all
subintervals and proportional to the length of the subinterval, and

© The count in each subinterval is independent of other subintervals, the
random experiment is called a Poisson process

I 34 /37
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N& C raj-sg G)G(JK_

If the mean number of counts in the interval is A > 0, the random variable
X that equals the number of counts in the interval has a Poisson
distribution with parameter A

Poisson Distribution

@ The Poisson PMF is

—Ayx
f(x) = % x=0,1,2,...

@ The mean of a Poisson random variable is

EX)=p=AX
I/W\\‘ '. YV\—QQ.‘N—
é{ \Ja( ('0’}/'(“’6
V(X) =02 = A PV X

35 /37

@ The variance of a Poisson random variable is
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Poisson Practice Problems J

[ — 5/51
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Poisson Example

Prissen Efample

00 When

JUES- N kﬂ-_s/k {Un;+> -

i snision of 2 kir? s ) Voo
) ) ‘Wit in 0 probabilry af o e bis in 3 ki . e‘ 7; (ol .
Source: ?-?;5‘::‘“’2};»,'1:;”“' E > Cry= 4 );
& feet Plzs) N2 32 &) ~ G_%
+ UOE 2'3;!1,31 zony g ) 5
) (el Pix=8) mhe Nt clged i |1 #0 2K
o aldd =gy

fray=e"%H" _ oo
g!

@ﬁ;’c\; ﬁl‘wf Plz0) A€ b ks L),?»( e

r=3(32Y: 9.4
T N
Cloy: e dtq_g, . e ™. 000
| 3737

PCxesde QY h(z)
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CDF pp

Monday, February 17, 2025 8:45 AM

QUESTION 1

Let X be a raad
:

Chapter 3 Page 40

R vgriable with cumulative distribution function, Fix). Find P(X=5).

® s = Y15 - FOI

/‘\/\/

Q{l\i 2\ = TN F(??\

D/YL?'S or P/X{—ﬂ —7 ):—[7

P> 7 )or Prxs2) = I-Ffﬁ




CDF pp / N
Monday, February 17, 2025 8:49 AM \M\\ QV\ \|§ '_*a ‘g % m '"e ?

QUESTION 3 @ ( ’X g ( ? Y\
Let X be a random variable with cumulative distribution function, Fix). Find P(X>6). >< 7 é ‘ C )

O 1-F(5)
R )]

) Fi6)- F(5).
) FHB) —— F 6
O 1-F(6).

Screen clipping taken: 2/17/2025 8:50 AM

I
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Monday, February 17,2025 8:51 AM Qe Q)G v \‘ FZ& C nF i S @/YS')(

QUESTION 5

varlable with cumulative distribution function, F(x). Find P{X <=37). O \( - 5 ¢> - I 3 ‘

F(37) - F(36).
O F(36)
O 1-F37)

)

oy

2 1-F(36)

Screen clipping taken: 2/17/2025 8:52 AM
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Monday, February 17, 2025 8:52 AM

QUESTION 7

Let X be a random variable with cumulative distribution function, F(x). Find P(X==12). / F ( /J
O 1-F1 — ~

O 112 @ y > / J D_ <

O F(12)-F11)

O H12)

R 45

O F(11)

Screen clipping taken: 2/17/2025 8:53 AM
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Monday, February 17, 2025 8:54 AM

QUESTION 9

—
Let X be a random variable with cumulative distribution function, F(x). Find P(X<36). Q / Y‘ 5 é — 51 [ 5 5
) F(36) - F(35). «

) 1-F(36)
O H35)
O F(36)
O 1-K(35)

Screen clipping taken: 2/17/2025 8:56 AM f e*
? Oy )
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Binomial pp

Wednesday, February 19, 2025 8:54 AM

QUESTION 1 y}f"[\ 0’3_: O. 7‘}

Let X be a binomial random variable with with parameters: n=4 and p=0.99. Find P(X>3).
() 0.0394

O 10 [) ( Y7 3 ) — | F 5
O 0.0006 -
Wcorrect answer iy ng¥provided.

S = /-.039Y
~ . W% O0

Screen clipping taken: 2/19/2025 8:56 AM
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Wednesday, February 19, 2025 9:00 AM

QUESTION 3

Let X be a binomial random variable with with parameters: n=10 and p=0.1. Find P(X<=6).
O 0.0001 —_— T

0.0

rrect answer is not provided. P/)(é(ﬂ \ - F/6>T ) . O O

) 0377
) 0.9999
) 0.3823

Screen clipping taken: 2/19/2025 9:03 AM
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bimomial

Wednesday, February 19, 2025 9:04 AM
QUESTION 5
Let X be a binomial random variable with with parameters: n=3 and@xﬂﬂ].
() 0.875

(O The correct answer is not provided. P/

O 0.384 Y< O \

010 \ e~ -
O 0.125 > Yéz 777 /

O 0.0
P 4 X - Nz O. 9,
Screen clipping taken: 2/19/2025 9:05 AM
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Wednesday, February 19, 2025 9:07 AM

QUESTION 7

Let X be a binomial random variable with with parameters: n=10 and p=0.6. Find P(X>=2).
) 0.0106 D— -

correct answer is not provided.

O 0.0017 p/y? Q—> — ‘ —_ F ('

O 0.9877
O 0.0123

O 0.6778 l _ OCJ /' 7
<
Screen clipping taken: 2/19/2025 9:08 AM
- ' 7 g
—
”_—__
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Wednesday, February 19, 2025 9:09 AM

QUESTION 9

Let X be a binomial random variable with parameters n=10 and p 0.99. Find P(X=3).
O 0.7361

Paz)=F s\~ Fr

0.0
(O The correct answer is not provided.
O 0623

*—.:.O D)

Ap)—%emoéw/e S

Screen clipping taken: 2/19/2025 9:10 AM
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Wednesday, February 26, 2025 8:06 AM

J LB wxrsj b&\m«v Q)LB Gre %U”;Hez/

i \ 9.0z 2(22) :é"‘/(’ob’s/élkﬁ)
¥ a7/ 8
predd = SN € 3// ):QM
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Poisson Practice Problems

Wednesday, February 26, 2025 8:09 AM

QUESTION 17 X’O‘\‘

Le@on random variable with with parameter: lambda=2.723. Find P(X>1).

: <0

O o

- 0.1788 P()( /\ - xZ‘F(X)
(O The correct answer is not provided. - 93

O 0.9343 Xe T3 3

B @cor frx> Y- |- F(1
f} (}:065? @ 6)"\(; =)= Ef{o\-}-(:('ﬂ
_ﬁrg):e'g‘;’zs [3'7360—1

Screen clipping taken: 2/26/2025 8:10 AM 7, - O ' O(o 5_[98
-2 /
)= 27207 7039
1!

OrxzN = I- )_'_,ogqgse . )72@4] =
- T 55HE

— 4
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Poisson Practice Problems

Wednesday, February 26, 2025 8:18 AM

QUESTION 3

ot~ helpaf

Let X be a Poisson random variable with parameter: lambda = 2.668. Find P(X=3).

(0 The correct answer is not provided.

O 0.9705 QD/YT 33,_. g: (33 on I ‘F/a\é

O 0.2789
. A. 3
O 0.7211 e 266< (2 60¥)
O 0.5015 =7 —— = 0.2/9¢4
() 0.4985 !

Screen clipping taken: 2/26/2025 8:19 AM
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Poisson Practice Problems

Wednesday, February 26, 2025 8:20 AM

QUESTION 5

Let X be a Poisson random variable with with parameter: lambda=1.744. Find P(X<=1).

O 08252 Pry< N= f7)+ £0r)

(O The correct answer is not provided.

O 0.1748

. - ). 7YY o
O 03049 @) : e (,,;4.,;)
O 0.9258 -‘Z o - . ?‘45}7‘
O 0.5203 ;
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QUESTION 7

Let X be a Poisson random variable with with parameter: lambda=0.89. Find P(X==2).

O 0.1626
O 0.7761 Px 7 ) = )—[@/953.;(’(13]

O 02239 N\oxesad. -3
) 0.0612 _
(0 The correct answer is not provided. f/ﬁsx < &30 - L‘ o
O 0.9388 ol 2 4106
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UESTION 10
! VELR NI 50
Let X be a Poisson random variable with with parameter: lambda=3.352. Find P(X£0). = /
) 0.965
5 R
O 1.0 X€ »

(J_TRe correct answer is not provided. e "‘\'0 n C"
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