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MANE 3332.04

Lecture 19, April 7

@ Topics:

Chapter 5: CLT

Chapter 6: Multivariate Statistical Analysis
Chapter 7: Definitions

Chapter 8: Interval Estimation

e © ¢ o

@ Assignments:

o Technical Report One due today
e Linear Combination Practice Problems due today
o Linear Combination Quiz (assigned 4/7/25, due 4/9/25)

@ Attendance
@ Return and discuss Test One

@ Questions?

MANE 3332.04

Handouts

Chapter 5

e Chapter 5 Slides

e Chapter 5 Slides marked
Chapter 6

o Chapter 6 Slides

e Chapter 6 Slides marked
Chapter 7

o Chapter 7 slides

o Chapter
Chapter 8

e Chapter 8 slides

e Chapter 8 slides marked

Final Exam Handouts
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MANE 3332.04

Class Schedule

Monday Lecture Wednesday Lecture

4/7: Chapter 7 & 8 4/9: Chapter 8, Case 1
4/14: Chapter 8: Case 2 4/16: Chapter 8: Case 3
4/21: Chapter 9, case 1~ 4/23: Chapter 9, Case 2
4/28: Chpater 9, Case 3 4/30: Chapter 11

5/5: Chapter 11 5/7: Review

10 Sessions plus final exam
Final Exam: Tuesday May 13, 2025 10:15 am - 12:00 pm

. o/

MANE 3332.04

Chapter 8 Introduction

@ Intervals are another method of performing estimation
@ A confidence interval is an interval estimate on a population parameter
(primary focus of this chapter)

@ Three types of interval estimates
e A confidence intervals bounds population or distribution parameters
o A tolerance interval bounds a selected proportion of a distribution ,__;
e A prediction interval bounds future observations from the population or
distribution
@ Interval estimates, especially confidence intervals are commonly used in
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MANE 3332.04

Confidence Interval on the Mean of a normal distribution,

variance known (Case 1) — 5 O)rac:ﬂrm ﬂo »
OMMaIr\

@ Suppose that X1, Xo, ..., X, is a random sample from a normal
population with unknown mean z and known variance o

@ A general expression for a confidence interval is 25

v
PlL<pu<Ul=1-a -

D28
Y

Mou

@ Using the sample results we calculate a 100(1 — «)% confidence of the
f —
orm (= X- Zﬁ/} %n,

- o
U'-X*ZB‘/Lﬁb" ;"g,ugu

e A 100(1 — «)% confidence interval for the mean of a normal
distribution with variance known is

| 7/35
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Problem 8-12,part a (6th edition)

B, o e e :
{ 812. Thg I1fL in hours of a 75-watt light bulb is known to be
tormally distributed with o = 25 hours. A random sample of

[201bé1[bs has a mean life of ¥ = 1014 hours.
4l Lonstruct a 95% two-sided conf i
uc a 95% two-sided confidence interval on the
mean life.
(b) Construct a 95% er-confi
E ct a 95% lower-confidence bound on the mean
€.
Figure 2: image
8/35
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Interpreting Confidence Intervals

Montgomery gives the following statement regarding the correct

interpretation of confidence intervals.
The correct interpretation lies in the realization that a Cl is a

random interval because in the probability statement defining
the end-points of the interval, L and U are random variables.
Consequently, the correct interpretation of a 100(1 — «)% Cl
depends on the relative frequency view of probability. Specifically,
if an infinite number of random samples are collected and a 100(1—
«)% confidence interval for n is computed from each sample,
100(1 — ) % of these intervals will contain the true value of .

. o35
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e
One-sided Confidence Bounds < < U
S~ @0 O
It is possible to construct orf=sided confidence bound
@ A 100(1 — )% upper-confidence bound for y is 0

/\/4 7<+ Z%:‘ 7.
;Lgu:x+znﬁ

@ A 100(1 — a)% lower-confidence bound for i@(

=1<p

—— 10/35

Sample Size Considerations 1\6& Ca\)@ ; QQQC \@ gg

If X is used as an estimate of y, we can be 100(1 — «)% confident that the
error |x — u| will not exceed a specified amount E when the sample size is

n:(zagrr)Q ey COUNQQU%
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Problem 8-12,part b (6th edition)

|
{ 8-12. The Im in hours of a 75-watt light bulb is known to be

normally distributed with o = H hours. A random sample of 110G (I\
20 bulbs has a mean life of ¥ = 1014 hours. ( (-
() Construct a 95%

u o two-sided confidence interval on the
mean life, 7

b) Cons 959,
(b) truct a 95% lower-confidence bound on the mean

life.
Figure 3: image 7_20{ %; < //
o) - 2.y :\?T/?/' </ Zcﬂgf%wyo{
o1 - 695 = 2 Y/
004 Bo< /J |
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MANE 3332.04

~. 20
A Large Sample Cl for p Q') 5

@ When n is large (say greater than or equal to 40), the central limit
theorem can be used
o It states that =L /\/— is approximately a standard normal random variable.

@ Thus, we can replace the quantity o/\/n with S/y/n and still use the
quantiles of the normal distribution to construct a confidence interval.

)
%= zapp = SHS R+ zap

Zo )2 \/—

@ What assumption did we relax and why7| 0 l: ( ’-& C&Wﬁ,

mfw‘s
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Chapter 8, Case 1 Practice Problems

14 /35
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Confidence Interval for the mean of Normal distribution
with variance unknown (Case 2) : ‘.(e) e
The t distribution " o MO\

@ Definition.

Let X1, X5, ..., X, be a random sample from a normal distribution with
unknown mean g and unknown variance o?. The random variable

_X—up
= S/Vn
has a t distribution with n — 1 degrees of freedom.

@ A table of percentage points (quantiles) is given in Appendix A Table 5

e Figure 8-4 on page 180 shows the relationship between the t and
normal distributions.

T

Figure 8-5 explains the percentage points of the t distribution

. 15/
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- ’]
Figure 8-4 Probability density functions of several t

P Figure 8-5 Perc ints
distributions. gure 8-5  Percentage points of the

distribution.

Figure 4: image

—— 16/35

Confidence interval definition

@ Using the t distribution it is possible to construct Cls
If X and s are the mean and standard deviation of a random sample from a
normal distribution with unknown variance o2, a 100(1 — )% confidence
interval on yu is given by

s _ s
tcwf2,n—lﬁ Spu<X+typn1—7

Vvn
where t, /> ,_1 is the upper 100(«r/2) percentage point of the t distribution
with n — 1 degrees of freedom.

X —

T —— 17/35
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Problem 8-30 (6th edition)

V 0. An article in Nuclear Engineering International e

(February 1988, p. 33) describes several characteristics of fuel

', rods used in a reactor owned by an electric utility in Norway.

JMcasurcmems on the percentage of enrichment of 12 rods
were reported as follows: Neen/ f

0 2.90
75 295

2.75
2.82

3.00
2.81

295

3.05

(a) Use a normal probability plot to check the normality as-

(b) Find\a 99% twg-sided confidence interval on the mean
percentage of enrichment. Are you comfortable with the

77% C.;

Y
x’éﬂémvﬁ
,-38/.?\/ c3./06

27
2983 -3V% [ﬂE )f//

{ R9®3~ 370

/.

o\ = .0/ 9‘(4 = o

<Xy, o

£

22

statement that the mean percentage of enrichment is 2.95 9\ §g;§ 4 //( 3 _ O 4 9 )
c - -

percent? Why?

Figure 5: image

v
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656 ENTNX A STATISTICAL TABLES AND CHARTS
2T\
// \‘\‘\
Table 1V
25 0 05 02% 0l 005 0028 001 0003
24
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One-sided confidence bounds

@ Are easy to construct

@ Use only the appropriate upper or lower bound

e Change ta/2,n—1 10 tan—1

[y,

L2 Py

—

— S
7<"LL°<)/HI/7K {/U
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Chapter 8, Case 2 Practice Problems

A L/ Q“\Qﬂ
TEOS

//f Vf\éﬁ)ﬂ\//\ﬂ,/\\s)

20/ 35
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Confidence Interval for 0 and o (Case 3)

@ Section 8-3 presents a Cl for o2 or o
o Requires the \? (chi-squared) distribution

Let X1, X>,..., X, be a random sample from a normal distribution with
mean ;. and variance o2 and let $? be the sample variance. Then the

random variable /)( - QL\?

—1)8?
X2:(n )

o2

has a chi-square (\?) distribution with n — 1 degrees of freedom ‘7["\—@/@@,%«
o A table of the upper percentage points of the y? distribution are give
in Table 4 in the appendix / _

o Figure 8-9 on page 183 explains the percentage points of the 2

distribution /

22/35
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f(x) +

Figure 8-8 Proba-
bility density functions
of several x’ distribu-
tions.

Figure 7: image

23/35

Chapter 8 Page 12



MANE 3332.04

flx) 4 flx)4

o 0.05 0.05

0 X2k * 0 X3os 10 X3.05, 10
=3.94 =18.31

(a) (b)

Figure 8-9 Percentage point of the x* distribution. (a) The percentage point X2 ;. (b) The upper
percentage point X3 s 1o = 18.31 and the lower percentage point X§ s 10 = 3.94.

Figure 8: image

—— 24 /35
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Confidence Intervals for 02 and o

If 52 is the sample variance from a random sample of n observations from a

normal distribution with unknown variance o2, then a 100(1 — )%

confidence interval on o2 is

(n—1)s? co?< (n—1)s?

2 =2
Xa/2,n—1 X1-a/2,n-1
where Xfxﬂ ,—1 and X%—aﬂ,n—l are the upper and lower 100c/2 percentage
points of the y?-distribution with n — 1 degrees of freedom

. 25/
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Problem 8-36 (6th edition)

\’_L;t*-‘ah. The sugar content of the syrup in canned peag
normally distributed. A random sample of n = 10 cans
a sample standard deviation of s = 4.8 milligrams.
95% two-sided confidence interval for o.

Figure 9: image

26 /35
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ENLHY 655

b d s 901 975 940 o0 So0 100 aso
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One-sided confidence bounds

@ Are easy to construct

@ Use only the appropriate upper or lower bound

@ Change X(Q_T,rg_.,,_l to X?}‘n—l or X%—a,”ln—l to X%—o‘n—l
@ See eqn (8-20) on page 184

. 28/
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Chapter 8, Case 3 Practice Problems J

. 29/
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Large-Sample Cl for a Population Proportion (Case 4)

@ Recall from chapter 4, that the sampling distribution of Pis
approximately normal with mean p and variance p(1 — p)/p, if nis not
too close to either 0 or 1 and if n is relatively large.

@ Typically, we require both np > 5 and n(1 — p) > 5

f nis large, the distribution of

X—np ﬁ—p

N Jnp(1—p) p(ln—p)

is approximately standard normal.

MANE 3332.04

If p is the proportion of observations in a random sample of size n that
belongs to a class of interest, an approximate 100(1 — «)% confidence
interval on the proportion p of the population that belongs to this class is

p(1—p . p(l—p
BB s, [PD)

-

p— /2

where z,, > is the upper «/2 percentage point of the standard normal
distribution

Chapter 8 Page 16
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Other Considerations

@ We can select a sample so that we are 100(1 — )% confident that
error E = |p — P| using

n= (2‘22)2;)(1 - p)

@ An upper bound on is given by

n= (Z“—;)Q(o.%)

@ One-sided confidence bounds are given in eqn (8-26) on page 187

. 52/
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Guidelines for Constructing Confidence Intervals

@ Review excellent guide given in Table 8-1

Other Interval Estimates

@ When we want to predict the value of a single value in the future, a
prediction interval is used

e A tolerance interval captures 100(1 — )% of observations from a
distribution

. 53/
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Prediction Interval for a Normal Distribution

@ Excellent discussion on pages 189 - 190
@ A 100(1 — )% PI on a single future observation from a normal
distribution is given by

- / 1 _ / 1
X — ta;’?,n—ls 1+ E < Xn—I—l <X+ tQ/Q,n_ls 1+ ;

3435
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Tolerance Intervals for a Normal Distribution

@ A tolerance interval to contain at least 7% of the values in a normal
population with confidence level 100(1 — «)% is

X — ks, X + ks

where k is a tolerance interval factor for the normal distribution found in
appendix A Table XII. Values are given for 1 — «=0.9, 0.95 and 0.99
confidence levels and for v = .90, .95, and .99% probability of coverage
@ One-sided tolerance bounds can also be computed. The factors are
also in Table XII

e /3
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Problem 8-12, part a
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]Q\Q/ld\z: 70%
]~ — .Y
N ? 5 K = | Dwh = os

Consider a sample of size 27 from a normal distribution with mean 0.5 and sigma 0.07. What is the value of a two-sided 90.0 % confidence interval for the mean?
- —_——
O (0.5,0.5)

0 0505) ) G s
O (0.496,0.504) Z 0d2 5 — A/S
O (0.478,0.522)

O (0.483,0.517) >( 2 05/2_ J/\ é N 4 >< + %5/2 /fd n__
Zz

Wednesday, April 9, 2025 8:34 AM

QUESTION 3

© (0.498,0.502)

O
Screen clipping taken: 4/9/2025 8:34 AM @S- —_ / 61/3 4 /1/< S +/6Zé_ W
2 ’W i/‘/é 52206
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Wednesday, April 9, 2025 8:38 AM

o = col 1 NB=T] A
QUESTION 4 — /7 [I“o(\ :,‘7?7

of size 42 from a normal distribution with mean 0.5 and sigma 0.05. What is the value of a 99.9 % upper-confidence bound for the mean?

O mu ==0.524

O mu<=0.5

mu <=0.525 }4 // {\ ;«]— 2’7(%, 2 N2 :_5 O?

O mu==0.5

= mu==0,501

Screen clipping taken: 4/9/2025 8:40 AM
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Wednesday, April 9, 2025 8:45 AM ! O O n _aQ\ Z :_ 07 7 S-%
QUESTION 5 o 7 o T1 ,SFZ / [= O‘\ -7 9{

Consider a sample of size 36 from a normal distribut! ith mean 11.8 and sigma 1.73. What Is the value of & lower-confidence bound for the mean? .
O mu >=11.651 O< P R O (@] 5
O mu>=10.851 lé /4/

O mu==11.526 -

O mu=>=10.909

O mu>=10.259
m:‘—-=l1.543 X - % OQ77L_
I-7% ?3
Screen clipping taken: 4/9/2025 8:45 AM \] <Z - E .Cx-_} - //

1.9 =557 2, **3 By londowe{
1057 LN T -C

2 o= RS
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Chapter 8, case 2 pp

Monday, April 14,2025  8:18 AM 7; ?Z} COY\f: A,bw
QUESTION 1 A« _ /OOF/‘K§7 P 9¥ f_?

Consider a sample of size 27 from a normal distribution with m&an 12.0 and 52.59. What is the value of 3 97.5 % u ppe r-confidence boyn%jor t%nean /0 QDZ
mu <=12.197

Yz )(#LA el oy |= = TAC

B 2.5% .aA2S
u /Vg 2+ 56

Screen clipping taken: 4/14/2025 8:18 AM
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Monday, April 14, 2025 8:24 AM

5990 % Gl boes

QUESTION 2 —

WA ¢ 10(1\& = F7.S€
Consider a sample of size 28 from a normal distribution with mean 30.7\gnd s 3.46. What is the value of a 99.5 % lower-confidence bound for the mean?
(~<\ =. 55§

“~ e

) mu >=30.358
O mu >=28.701 —_ (._S\ < //

mu=>=29.393
—

e /2 s 4
y\e@,( <4 o053 28-) :OZ‘ 52;7/

20 277 (
o Qé@ﬁ%i@’é
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Chapter 8, case 2
Monday, April 14, 2025 8:29 AM 2_3 )f/év/ﬂ
QUESTION 3 /:7 7—85 \7 X — 'OL

Consider a sample of size 26 from a normal distribution with mean 12.3 and s 2.6. What is the value of a two-sided 98.0 % confidence interval for the mean? :/ - O '
- J—s -~ -

5)

P S I
:12:051:122549) SZ - £"Vﬁ'l’\‘(<77\ é /(/é )7*—\&5/&)/’ < /V&\) —
g }/\eaég Zém/;?és/:g'%/gs

() (9.005,15.595)

O (11.737,12.863) Cp )
cmetnse 1S~ f~0/)2§@% < A% 1a3 FLo)as %)

Screen clipping taken: 4/14/2025 8:29 AM _ 2 . é
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