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MANE 3332.04

Lecture 19, April 7

e Topics:

Chapter 5: CLT

Chapter 6: Multivariate Statistical Analysis
Chapter 7: Definitions

Chapter 8: Interval Estimation

@ Assignments:

o Technical Report One due today
o Linear Combination Practice Problems due today
o Linear Combination Quiz (assigned 4/7/25, due 4/9/25)

@ Attendance
@ Return and discuss Test One

@ Questions?

MANE 3332.04

Handouts

Chapter 5

e Chapter 5 Slides

e Chapter 5 Slides marked
Chapter 6

e Chapter 6 Slides

e Chapter 6 Slides marked
Chapter 7

o Chapter 7 slides

o Chapter
o Chapter 8

e Chapter 8 slides

e Chapter 8 slides marked
Final Exam Handouts
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MANE 3332.04

Class Schedule

Monday Lecture

Wednesday Lecture

4/7: Chapter 7 & 8
4/14: Chapter 8: Case 2
4/21: Chapter 9, case 1
4/28: Chpater 9, Case 3
5/5: Chapter 11

4/9: Chapter 8, Case 1
4/16: Chapter 8: Case 3
4/23: Chapter 9, Case 2
4/30: Chapter 11

5/7: Review

10 Sessions plus final exam

Final Exam: Tuesday May 13, 2025 10:15 am - 12:00 pm
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Chapter 8 Introduction

@ Intervals are another method of performing estimation //
@ A confidence interval is an interval estimate on a population parameter |
(primary focus of this chapter) o

@ Three types of interval estimates
e A confidence intervals bounds population or distribution parameters

o A tolerance interval bounds a selected proportion of a distribution—— % -Zpﬁ)}}Z) //7//((3>

o A prediction interval bounds future observations from the population or
distribution

o Interval estimates, especially confidence intervals are commonly used in
science and engineering
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Confidence Interval on the Mean of a normal distribution,

variance known (Case 1) — S OUFae_:ﬂm? i %(JT

ommenr
@ Suppose that X1, Xz, ..., X, is a random sample from a normal =5 m@ FS‘)'

population with unknown mean y and known variance o2 &%g}ﬂ

K D25 ‘FQ&CO%

@ A general expression for a confidence interval is 25

v
M ou

\%J_';.Og
\ PlL<pu<Ul=1-a

° Using the sample results we calculate a 100(1 — «)% confidence of the
form . 7- Z¢>/,, ﬂ,
b TR+ 2 M

b I<pu<u

@ A 100(1 — a)% confidence interval for the mean of a normal
distribution with variance known is

L 7/35
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Problem 8-12,part a (6th edition)

, -
{ 8-12. The life in hours of a 75-watt light bu
tormally distributed with o = 25 hour.:. Ar
20 bulbs has a mean life of ¥ = 1014 |
{a) Construct a 95% two-sid
mean life,
(b) Construct a 95,
life.

1b is known to be
andom sample of
ours,

ed confidence interval on the

o lower-confidence bound on the mean

Figure 2: image
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Interpreting Confidence Intervals

Montgomery gives the following statement regarding the correct

interpretation of confidence intervals.
The correct interpretation lies in the realization that a Cl is a

random interval because in the probability statement defining
the end-points of the interval, L and U are random variables.
Consequently, the correct interpretation of a 100(1 — «)% ClI
depends on the relative frequency view of probability. Specifically,
if an infinite number of random samples are collected and a 100(1 —
a)% confidence interval for u is computed from each sample,
100(1 — av) % of these intervals will contain the true value of .

| 9/35
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One-sided Confidence Bounds

It is possible to construct orf=sided confidence bound
@ A 100(1 — «)% upper-confidence bound for y is

g
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sompe e Corstters 18 €7 ‘@Qc "N

If X is used as an estimate of y, we can be 100(1 — )% c0nf|dent|that the
error |x — | will not exceed a specified amount E when the sample size is

- () 5 ey

11/35
MAMNE 3332.04
Problem 8-12,part b (6th edition)
BEi2. The life in hours of a 75-watt light bulb is known to be 106 (=0 ?O =755
tormally distributed with ¢ = 25 hours. A random sample of
20bulbs has a mean life of ¥ = 1014 hours. ( ) =AY
(@) Construct a 95% two-sided confidence interval on the Kl — C)S(
mean life, =
{b) Construct a 95% lower-confidence bound on the mean
life.
-- | 2.5 £V
Figure 3: image X — 7
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A Large Sample Cl for u

@ When n is large (say greater than or equal to 40), the central limit
theorem can be used

@ |t states that 57_\/"—5 is approximately a standard normal random variable.

@ Thus, we can replace the quantity o/+/n with S/\/n and still use the
quantiles of the normal distribution to construct a confidence interval.

- 5 _ S
X — za/2% Sp=Xx+ Za/2ﬁ

@ What assumption did we relax and why?

o 13/35
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Chapter 8, Case 1 Practice Problems

14/35

MANE 3332.04

Confidence Interval for the mean of Normal distribution
with variance unknown (Case 2)

The t distribution

@ Definition.

Let X1, X5,...,X, be a random sample from a normal distribution with
unknown mean g and unknown variance 2. The random variable

X—p
S/v/n

has a t distribution with n — 1 degrees of freedom.

@ A table of percentage points (quantiles) is given in Appendix A Table 5
e Figure 8-4 on page 180 shows the relationship between the t and
normal distributions.

e Figure 8-5 explains the percentage points of the t distribution

T =

| 15/35
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v
k=10

k=e[N(0, 1)]

x H-ak=-tar 0 Lok t
Figure 8-4  Probability density functions of several ¢

Figure 8-5 Percentage points of the
distributions.

distribution.

Figure 4: image
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Confidence interval definition

@ Using the t distribution it is possible to construct Cls
If X and s are the mean and standard deviation of a random sample from a
normal distribution with unknown variance o2, a 100(1 — o)% confidence

interval on p is given by
s

- ) -
X — ta/2,n—1ﬁ SpEX+ta2n-1 NG

where t, /3 ,_1 is the upper 100(«v/2) percentage point of the t distribution
with n — 1 degrees of freedom.

— 17/3
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Problem 8-30 (6th edition)

y‘ 30.  An article in Nuclear Engineering International

(February 1988, p. 33) describes several characteristics of fuel

' rods used in a reactor owned by an electric utility in Norway.

'/Mcasurememg on the percentage of enrichment of 12 rods
were reported as follows:

2.94 3.00 2.90 2.75 3.00 2.95
2.90 2.75 2.95 2.82 2.81 3.05

(a) Use a normal probability plot to check the normality as-
sumption.

(b) Find a 99% two-sided confidence interval on the mean
percentage of enrichment. Are you comfortable with the
statement that the mean percentage of enrichment is 2.95
percent? Why?

Figure 5: image

I 18/35
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656

Table IV Percentage Points 1, , of the t-Distribur

v 40 25 10 05 0 008 %01
000 6314 31.82 2132 383 636.62
2 % 816 2 14.089 23326 31,508
3 65 2 3 454 0.213 12924
M ik i % 2.776 8610
S ! 20 257 6,86
3 718 ! 2447 595
7 71 1.415 1.895 365 .
X 2 706 1 2306 e
9 13 | 62 st
10 | 260 00 1812 2228 4597
1 260 ) 2% oy
12 259 695 1783 5 o
3 350 1.771 ) e
& 5 2 4 140
15 58 134 3 2131 40m
16 258 6% 1 2120 4% 2921 3686 4018
17 5 0% | 740
18 257 688 1330 734 3610 b
9 088 1325 ;
a0 687 1 IZ%
21 656 1 ) 819
686 1 3.119 3792
1319 3.104 455 3761
4 256 1.318 3 3467
2 s 1708 3, 3.450
o4 =0 e 052 3,087
23 3 1.701 3047 1674
s 3N 1699 3038 1690
o 697 2 030 3646
303 2 297 3307 341
23% 2,660 2915 3232 Y460
1289 653 2360 3160 337
1282 645 1.960 2807 L0900 3.291
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One-sided confidence bounds

@ Are easy to construct
@ Use only the appropriate upper or lower bound
Q Change ta,"2,n—1 to ta.n—1

MANE 3332.04

Chapter 8, Case 2 Practice Problems

20/35
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Confidence Interval for 0 and o (Case 3)

@ Section 8-3 presents a Cl for o2 or o
® Requires the x? (chi-squared) distribution

Let X1, Xo,...,X, be a random sample from a normal distribution with
mean p and variance 02 and let S? be the sample variance. Then the
random variable

has a chi-square (x?) distribution with n — 1 degrees of freedom

o A table of the upper percentage points of the x? distribution are given
in Table 4 in the appendix

o Figure 8-9 on page 183 explains the percentage points of the x?
distribution
| 22/35
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flx) 4

Figure 8-8 Proba-
bility density functions
of several x* distribu-

tions. x
Figure 7: image
— 2/
flx) 4 fx)
/\( 0.05 0.05
0 X2k o 0 xgss, 10 X3.0s, 10
=3.94 =18.31

(a) (b)

Figure 8-9 Percentage point of the ¥ distribution. (a) The percentage point x2 ;. (b) The upper
percentage point xs.10 = 18.31 and the lower percentage point X395.10 = 3.94.

Figure 8: image
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Confidence Intervals for o2 and o

If 5% is the sample variance from a random sample of n observations from a

normal distribution with unknown variance o2, then a 100(1 — )%
2

confidence interval on o< is
n—1)s? n—1)s?
(n=1)s* _ ,_ (n—1)
2 = =2
X(}/?,n—l Xl—o«.,"2,n—l

where X§/2,n—1 and X?_szn_l are the upper and lower 100«v/2 percentage

points of the y2-distribution with n — 1 degrees of freedom

L 25 /35
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Problem 8-36 (6th edition)

{/'h‘- 36. The sugar content of the syrup in canned pe
normally distributed. A random sample of n = 10 cans
a sample standard deviation of s = 4.8 milligrams. fj
95% two-sided confidence interval for o.

Figure 9: image

26 /35
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One-sided confidence bounds

@ Are easy to construct
@ Use only the appropriate upper or lower bound
2 2 2 2
e Change X&/2,n-1 10 Xan—1 O X1-q/2,n-1 10 X1-a.n-1
@ See eqn (8-20) on page 184

L 28/35
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Chapter 8, Case 3 Practice Problems J

o 29/3

MANE 3332.04

Large-Sample Cl for a Population Proportion (Case 4)

@ Recall from chapter 4, that the sampling distribution of Pis
approximately normal with mean p and variance p(1 — p)/p, if nis not
too close to either 0 or 1 and if n is relatively large.

e Typically, we require both np > 5 and n(1 —p) > 5

f nis large, the distribution of

X—np P — p
np(1—p) . /e(i=p)
n

is approximately standard normal.

I —— 30/35
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If pis the proportion of observations in a random sample of size n that
belongs to a class of interest, an approximate 100(1 — «)% confidence
interval on the proportion p of the population that belongs to this class is

,6—2&’;2 n §p§ﬁ+zaf2
where z,, /5 is the upper /2 percentage point of the standard normal

distribution

Chapter 8 Page 21
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Other Considerations

@ We can select a sample so that we are 100(1 — )% confident that
error E = |p — P| using

n= (%’2)2;0(1 —p)

@ An upper bound on is given by

n= (z"‘%)z (0.25)

@ One-sided confidence bounds are given in eqn (8-26) on page 187

L 32/35
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Guidelines for Constructing Confidence Intervals

@ Review excellent guide given in Table 8-1

Other Interval Estimates

@ When we want to predict the value of a single value in the future, a
prediction interval is used

e A tolerance interval captures 100(1 — )% of observations from a
distribution

I —— /35
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Prediction Interval for a Normal Distribution

@ Excellent discussion on pages 189 - 190
@ A 100(1 — a)% PI on a single future observation from a normal
distribution is given by

_ 1 _ 1
X = to/2,n-15/1+ = Xnt1 < X+ taj2n-15(/ 1+ .

L 34/35
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Tolerance Intervals for a Normal Distribution

e A tolerance interval to contain at least 7% of the values in a normal
population with confidence level 100(1 — )% is

X — ks, X + ks

where k is a tolerance interval factor for the normal distribution found in
appendix A Table XII. Values are given for 1 — «=0.9, 0.95 and 0.99
confidence levels and for v = .90, .95, and .99% probability of coverage
@ One-sided tolerance bounds can also be computed. The factors are
also in Table XII

e 35/35

Chapter 8 Page 24



Problem 8-12, part a
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]Q\Q/ld\z: 70%
]~ — .Y
N ? 5 K = | Dwh = os

Consider a sample of size 27 from a normal distribution with mean 0.5 and sigma 0.07. What is the value of a two-sided 90.0 % confidence interval for the mean?
- —_——
O (0.5,0.5)

0 0505) ) G s
O (0.496,0.504) Z 0d2 5 — A/S
O (0.478,0.522)

O (0.483,0.517) >( 2 05/2_ J/\ é N 4 >< + %5/2 /fd n__
Zz

Wednesday, April 9, 2025 8:34 AM

QUESTION 3

© (0.498,0.502)

O
Screen clipping taken: 4/9/2025 8:34 AM @S- —_ / 61/3 4 /1/< S +/6Zé_ W
2 ’W i/‘/é 52206
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Wednesday, April 9, 2025 8:38 AM

o = col 1 NB=T] A
QUESTION 4 — /7 [I“o(\ :,‘7?7

of size 42 from a normal distribution with mean 0.5 and sigma 0.05. What is the value of a 99.9 % upper-confidence bound for the mean?

O mu ==0.524

O mu<=0.5

mu <=0.525 }4 // {\ ;«]— 2’7(%, 2 N2 :_5 O?

O mu==0.5

= mu==0,501

Screen clipping taken: 4/9/2025 8:40 AM
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Wednesday, April 9, 2025 8:45 AM ! O O n _aQ\ Z :_ 07 7 S-%
QUESTION 5 o 7 o T1 ,SFZ / [= O‘\ -7 9{

Consider a sample of size 36 from a normal distribut! ith mean 11.8 and sigma 1.73. What Is the value of & lower-confidence bound for the mean? .
O mu >=11.651 O< P R O (@] 5
O mu>=10.851 lé /4/

O mu==11.526 -

O mu=>=10.909

O mu>=10.259
m:‘—-=l1.543 X - % OQ77L_
I-7% ?3
Screen clipping taken: 4/9/2025 8:45 AM \] <Z - E .Cx-_} - //

1.9 =557 2, **3 By londowe{
1057 LN T -C

2 o= RS
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