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Lecture 18, April 2

Agenda
@ Midterm exam not graded
o Chapter 5 Material
o Chapter 6, time permitting
@ Linear Combinations Practice Problems - due April 7, 2025
@ Technical Report One - due April 7, 2025
@ Attendance
@ Questions?
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Handouts

@ Chapter 5 Slides
@ Chapter 5 Slides Marked
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Class Schedule

Monday Lecture Wednesday Lecture
3/31: Chapter 6 4/2: Chapter 5
4/7: Chapter 7 & 8 4/9: Chapter 8, Case 1

4/14: Chapter 8: Case 2 4/16: Chapter 8: Case 3
4/21: Chapter 9, case 1 ~ 4/23: Chapter 9, Case 2
4/28: Chpater 9, Case 3 4/30: Chapter 11

5/5: Chapter 11 5/7: Review

11 classroom sessions plus Final Exam
Final Exam: Monday May 12, 2025, 8:00 - 9:45 am
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Chapter Five

@ Joint Probability Distributions

@ Contains eight sections

@ We will only examine 5.4 (Covariance and Correlation) and 5.6 (linear
functions of random variables)
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Covariance and Correlation

Covariance

@ When two or more variables are defined on a probability space, it is
useful to describe how they vary together

@ A common measure of the relationship between two random variables
is the covariance

oxy = E(XY)—pxpy
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Covariance, continued

@ Theoretically for two continuous random variables with joint probability
distribution function fxy(x,y), the covariance is found by

oxy = / / xyfxy (x, y)dxdy — pxpy
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Covariance and Independence

o If X and Y are independent random variables,

oxy =0
@ However, oxy = 0 does not imply that X and Y are independent.
Textbook mentions Figure 5-13(d)

@ SPECIAL CASE. IF X and Y are normal random variables and have
oxy = 0, then X and Y are independent
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Sample Covariance

@ To calculate the sample covariance use

SXYZ}]XH:(XI'—?)(Y:'—?)

i=1

o Easily done in software
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Correlation
@ The correlation between two random variables X and Y is

COV(X, Y) N oxy
V(X)V(Y) N OoxXoy

@ For any two random variables X and Y

XY =

—1<pxy <1

e If X and Y are independent pxy = 0. The converse is not true.
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Sample Correlation Coefficient
@ To calculate the sample correlation coefficient,

SXY

rxy = —F/——
VXSV
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Summary

@ Correlation is a linear measure and will not work for non-linear
relationships

@ Correlation is a measure of association; it does not prove cause and

effect relationships
-Examine examples at Spurious Correlations website
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https://www.tylervigen.com/spurious-correlations
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Linear Functions of Random Variables

Functions of Random Variables

e Additive System. Let X be a random variable with mean p and
variance o2. Define a new random variable Y

Y=X+c

It follows that
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Linear Functions of Random Variables

Functions of Random Variables
@ Multiplicative System. Consider the new random variable Y
Y =cX
It follows that

E(Y)= E(cX)=cE(X)=cpu
V(Y)= V(cX) = c*V(x) = c?o?
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Linear Combination

@ A linear combination of the random variables X1, Xo,..., X, is

Y =aXi+aoXo+ -+ X,

@ The mean of a linear combination of random variables is

E(Y) = cipa + copi2 + - - + Cofin

@ The variance of a linear combination of random variables is

V(Y) = cfa% + 65203 4+ 4 c,2,a2

n
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Linear Combination of Non-independent R.V.

Let X1, Xa, ..., X, be random variables with means E(X;) = p;, variances
V(X;) = 0% and covariances Cov(X;, X;) for i,j =1,2,...,n with i < j
@ The linear combination is defined to be
Y =aXi+oXo+ -+ X,

@ The mean of Y is

E(Y)=cipu1+ coua+ -+ capin
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Linear Combination of Non-independent R.V.
@ and the variance is
V(Y)= o?+ o+ + c2o?

+QZ Zi<jCiCjCOV(Xi> Xj)
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Linear Combination Problem

244 CHAPTER 5 Joint Probability Distributions and Random
Source  Devere (2090 Prb 4 Steatisti

66. If two loads are applied to a cantilever beam as
shown in the accompanying drawing, the bending
moment at 0 due to the loads is ¢,X, + a,X,.

X X
2 P
27 a a,

0

»

. Suppose that X, and X, are independent rv’s
with means 2 and 4 kips, respectively, and stan-
dard deviations .5 and 1.0 kip, respectively. If
a, =5 ft and @, = 10 ft, what is the expected
bending moment and what is the standard devi-
ation of the bending moment?

. If X; and X, are normally distributed, what is the
probability that the bending moment will exceed
75 kip-ft?

¢. Suppose the positions of the two loads are ran-
dom variables. Denoting them by A, and A,, as-
sume that these variables have means of 5 and
10 ft, respectively, that each has a standard de-
viation of .5, and that all A;’s and X’s are inde-
pendent of one another. What is the expected
moment now?

. For the situation of part (c), what is the variance
of the bending moment?

e. If the situation is as described in part (a) except

that Corr(X,, X,) = .5 (so that the two loads are

k=

=
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Linear Combination Practice Problems
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Central Limit Theorem

If X1, X5,...,X, is a random sample of size n taken from a population with
mean 4 and variance ¢, and if X is the sample mean, the limiting form of
the distribution of

_X-u
~o/vn

as n — 00, is the standard normal distribution

Z
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Central Limit Theorem

@ Incredibly useful theorem
@ See example below
@ n often does not have to be very large
o If the population is continuous, unimodal and symmetric, often n can be
as small as 4 or 5
o Larger samples will be required in other situations
o If n > 30 the normal approximation will work satisfactorily regardless of
the shape of the population

v
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CLT Ilustration

ing Sampling Distrib 223
Uniform population
n=10
—> —>
x x x
5 u
Exponential population
n=50
e
L %
L
Normal population
n=2 n=10
—
X X
u u

Figure 5.18  The Central Limit Theorem: The sampling distribution of X approaches
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