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Lecture 24

Agenda

* Continue Chapter 9 lecture
— Resume with Connection to confidence intervals and p-values for Case 1

* Chapter 8, Case 3 Quiz (assigned 11/18/2025, due 11/20/2025)

* NEW: Chapter 9, Case 1 2-sided Practice Problems (assigned 11/20/2025, due
11/25/2025)

 NEW: Chapter 9, Case 1 Lower Practice Problems (assigned 11/20/2025, due
11/25/2025)

 NEW: Chapter 9, Case 1 Upper Practice Problems (assigned 11/20/2025, due
11/25/2025)

e Attendance
e Questions?



Handouts
e Lecture 24 Slides
e Lecture 24 Slides - marked



_ Tuesday Lecture Thursday Lecture
12 11/18 - Chapter 9 (part 1) 11/25 - Chapter 9, Case 1 G
13 11/25 - Chapter 9, Case 2 @ 11/27 - Thanksgiving Holiday (no

class)
14 12/2 - Chapter 9, Cas 12/4 - Linear Regression @
15 12/9 - Review Sessi 12/11 - Study Day (no class)



The final exam for MANE 3332.05 is Thursday December 18,
2025 at 1:15 - 3:00 PM.



Summary of One-Sample Hypothesis-Testing Procedures
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Summary of One-Sample Confidence Interval Procedures
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Introduction to Hypothesis Testing

Decision Making for a Single Sample

Inferential statistics consists of methods used to make
decisions or draw conclusions about a population using
information contained in a sample

Inference is divided into two major areas:

— Parameter estimation (both point and interval)

— Hypothesis testing



Overview of Statistical Hypotheses

Many engineering problems require a decision to be made regarding some
statement about a parameter

— The statement is called a hypothesis
— The decision-making process about the hypothesis is call hypothesis testing

Statistical hypothesis testing is usually the data analysis stage of a
comparative experiment

A procedure leading to a decision about a particular hypothesis is called a
test of hypothesis

Testing the hypothesis involves taking a random sample, computing a test
statistic from the sample data and then using the to make a decision



Statistical Hypothesis

e A statistical hypothesis is a statement about the parameters of one
or more populations

e A statistical hypothesis has two parts a null hypothesis (denoted
H,) and an alternative hypothesis (denoted H,)

— The null hypothesis contains an equality statement about the value of
parameter. For example Hy: u = 12 ounces.

— There are three possible alternative hypotheses: Hy:u #+ 12, Hy: u < 12,
or Hy:pu > 12

— The goal of the research will determine the appropriate alternative
hypothesis






Errors in hypothesis testing

Whether a correct decision is made depends upon
the true nature of Hy and the decision arrived at.

* Atypel error occurs when the null hypothesis is
true and the outcome of the test is to reject H,.
The probability of a type | erroris denoted as a

* Atype ll error occurs when the null hypothesis is
false and the outcome of the test is to fail to
reject Hy. The probability of a type Il error is
denoted as (3.

¢ The power of a statistical test is the probability
rejecting the null hypothesis Hy when the
alternative hypothesis is true. Power =1 — f§

Reject Hy

Fail to Reject Hy Reject Hy
u#50cm/s =50 cm/s n#50 cm/s
48.5 50 51.5 %

Figure 9-1  Decision criteria for testing H,: p. =
50 centimeters per second versus Hy: w # 50 centime-
ters per second.

Table 9-1  Decisions in Hypothesis Testing

Decision Hy Is True H, Is False

Fail to reject H, type II error

Reject H, type I error no error
- -

no error



Error Example: Manufacturing



Error Example: Medical



General Procedure for Hypothesis Testing

The following sequence of steps is recommended

From the problem context, identify the parameter of interest,
State the null hypothesis, Hy,

Specify an appropriate alternative hypothesis, Hy,

Choose a significance level a

State an appropriate test statistic,

State the rejection region for the (test) statistic,

Compute any necessary sample quantities, substitute these into the equation for the
test statistics, and compute that value,

8. Decide whether or not Hj should be rejected and report in the problem context

R ol o



Chapter 9, Case 1

Inference on the Mean of a population, variance known

* Assumptions:
1. Xy, X5, ..., X, is a random sample of size n from a population

2. The population is normal, or if it is not normal, the conditions of the central
limit theorem apply

 The parameter of interest is u
* The null hypothesis is Hy: t = g
* The test statistic is

X — U
~ a/yn

and has a standard normal distribution

Zo




The alternative hypotheses and corresponding
critical value(s) are shown in figure 9-11 on page
209



Summary for hypothesis test on the mean,
variance known

See the material on the inside cover of your
textbook



Problem 1

Example 11-1

The burning rate of a rocket propellant is being studied. Specifications require that the mean burning
rate must be 40 cm/s. Furthermore, suppose that we know that the standard deviation of the burning
rate is approximately 2 cm/s. The experimenter decides to specify a type I error probability o = 0.05,
and he will base the test on a random sample of size n = 25. The hypotheses we wish to test are

Hy: =40 cnys,
H): p#40 cm/s.

Twenty-five specimens are tested, and the sample mean burning rate obtained is X = 41.25 cm/s.

Source: Hwe, Mortgomeny, (Xﬂusm'ﬁormﬁ( 20 3) ?mb.b.‘/ﬂ;
avof Stedistics T Ev& ,M.ee.p.\a. mie W)



Problem 2



Summary Statistics
x<-c(2.69,5.76,2.67,1.26,4.12)
library(psych)

describe(x)

it vars n mean sd median trimmed mad min max range skew kurtosis se
## X1 15 3.31.71 2.69 3.3 2.12 1.26 5.76 4.5 0.26 -1.71 @.76



Connection between Hypothesis Tests and Cl

There is a close connection between confidence intervals and hypothesis tests

Consider a 100(1 — @)% confidence interval on u and a hypothesis test of size
a shown below

Ho:pt = o
Hy:p # pg

The conclusion to reject Hy will be reached if gy is not contained within the
confidence interval

If g is within the confidence interval, we fail to reject H,
The 100(1 — @)% confidence interval on u is the acceptance region



P-values
* |s awidely used alternative to the traditional hypothesis test

* Definition: The p-value is the smallest level of significance that would lead
to reject of the null hypothesis Hy with the given data

* Formulas are given below
2[1 — d(|zg|)] for a two-tailed test
P = 1—D(zp) for a upper-tailed test
D(zp) for a lower-tailed test

* Usage: if p-value<a then the conclusion is reje\gt HO, otherwise fail to

reject HO
@FZ_ \Jr\—bb

_ 7(02 J@/Z/ > 1% Fas \\g:’;g\? \9&%
4

wﬁf"d (e



s o A@Pmc’e\ (g:)(-@p rei.&im f‘ﬁ‘\o—k\

Two-tailed test Upper-tailed test Lower-tailed test
Acceptance Acceptance

NO.1) N(0,1) N0, 1)
Critical region
: o)
region region

~2ap 0 Zap2 Zy 0 Za ~Za 0 Z,
(a) (&) (e)

Critica! region Critical region

The distribution of Z, when H,: p = p, is true with critical region for (a) the two-sided alternative H,: p £
(b) the one-sided alternative H,: u > p,, and (c) the one-sided alternative H,: p < p,.
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A= 0T She - vebal K, 2 r?\,'tc:ﬁ’—’lg



Practice Problem Chapter 9, Case 1 2-sided



Question 1 (2 points) Z L’o ' // ~14.5 3
= | ) Listen | p | O ’A]l ¢ N # )g')

Calculate the test spatistic for a test of hypothesis for the mean of single sample with
variance known. The null hypothesis is mu=18.5 versus mu not equal to 18.5 using
alpha=0.002. The sample statistics are n=21, xbar=19.78, sigma=2.871.

] Y- M 1970~ K-S
(,70=2.0431 - —_° -
: 2, ’

() 20=9.3626 S~ra.

K7 /
|<::| z0=-2.0431 3 W
() z0=3.2611
- = & .04 305
(-— I

[




Question 2 (2 points)

== o) Listen | P | ,f\

Construct the rejection region for a test of hypothesis for the mean of single sample
with variance known. The null hypothesis is mu=25.8 versus mu not equal to 25.8

e ——

using alpha=0.002. The sample statistics are n=6, xbar=30.77, sigma=6.579.

O %8 Qﬂ\\ (C/_ Heo LC/ gd) D ZOQ/.L

(" Rejec i -2.878
L




Question 3 (2 points)

= | ) Listan | » |

Which is the correct conclusion for a test of hypothesis for the mean of single
sample with variance known. The null hypothesis is mu=0.5 versus mu not equal to
0.5 using alpha=0.02. The sample statistics are n=10, xbar=0.48, sigma=0.032. The
value of Z0 is -1.9764 and the rejection region is reject HO if |z0|>2.326

s 2.~ - ),9?64_) e f“\[féL Hs '—ﬁ )%/ﬁ

"y

.iEWo reject HO )
s |-)9%A > 326

>

Moy 50 R 1o rojcct [



Question 4 (2 points)
o) Listen | p |

Find the p-value for a test of hypothesis for the mean of single sample with variance
known. The null hypothesis is mu=12.0 versus mu not equal to 12.0 using
alpha=0.02. The sample statistics are n=8, xbar=13.26, sigma=2.289 and the value of

the test statistic, Z0, is 1.5569. /(J
koo Fo I SA2

O palue-005938 0y ome =

C} p-value=0.94062

(sbvalue=011876 P v e = A [ ’ "’EE// %o \\j
. ;Z (/.52 j
:"?\Z/ —. 74/0@2\'(
=21 . 087 9375 = /C/¢>7‘5




Question 5 (2 points)

) Listen | P |

Using the p-value from a test of hypothesis for the mean of single sample with
variance known, determine the correct conclusion for the hypothesis test. The null
hypothesis is mu=32.0 versus mu not equal to 32.0 using alpha=0.2. The sample
statistics are n=29, xbar=32.82, sigma=4.046. The results of hypothesis test include

z0= 1.0914 and p-value=0.275097.

.g}FéiltnrejectHU ‘175’?;7'< 2 d#
|75‘ﬂ+@ Ve, \
. nc)) W<

(" Reject HO
L



Practice Problem Chapter 9, Case 1 Lower



Question 2 (2 points) -1.,]
5 O
o) Listen | P | X = S .0E 4%

Construct the rejection region for a test of hypothesis for the mean of single sample

with variance known. The null hypothesis is mu=12.0 versus mu less than 12.0 using ‘8‘,‘
alpha=5.0E-4. The sample statistics are n=14, xbar=10.39%, sigma=2.047.

() Reject Ho if [20]>3.481 @\ejcj‘ Hy HC 26&\2&

() Reject Ho if Z0<-3.481

Reject HO if z0>3.291

‘ RE]EEt HO if z0<-3.29

?"Q‘Qc}f = 3. 29)




Question 4 (2 points) @, —ohure A W 30 ")J' }J< 94

== o) Listen | p |

Find the p-value for a test of hypothesis for the mean of single sample with variance
known. The null hypothesis is mu=18.5 versus mu less than 18.5 using alpha=0.025.
The sample statistics are n=5, xbar=15.45, sigma=2.657 and the value of the test

statistic, Z0, is -2.5668.

() p-value=0.01017 63— o = @-—(ZOS
() p-value=0.994915 >} (-2 5’7>

(rP-value=0.005085 ~ . O0S08S

<




Practice Problem Chapter 9, Case 1 Upper



K M >238 If(

Question 2 (2 points) 1

i Listen | p | QK

Construct the rejection region for a test of hypothesis for the mean of single sample
with variance known. The null hypothesis is mu=25.8 versus mu greater than 25.8
using alpha=0.01. The sample statistics are n=15, xbar=23.84, sigma=4.739.

() Reject HO if 20<-2.326 @G\s oF Ho C 2> L= Z.¢
() Reject Ho if [20]>2.576 = 7 326

(FRelect HO if 20>2.326



Question 4 (2 points) ‘:@l‘{ (- votug

2

== | o} Listen | |
Find the p-value for a test of hypothesis for the mean of single sample with variance
known. The null hypothesis is mu=0.5 versus mu greater than 0.5 using alpha=0.025.
The sample statistics are n=15, xbar=0.51, sigma=0.048 and the value of the test

statistic, Z0, is 0.8069. O P B S'EN

—~ /=738
_ [ - S>3
= 2092

() p-value=0.79103
L



&Y\C)’{\“Mfg f)()?(@ =Y

Type Il error and sample size for a two-tailed test
* Probability of type Il error for the two-tailed test
Syn 5Vn
p=ao (Za/z - T) - (—Za/z - T)
where u = ug + 6

 The sample to detect a difference between the true and hypothesized
mean of 6 with power atleast 1 — f is

(Zg/2 + 25)%0°
n = 52

where § = u — U,



Type Il error and sample size for the one-tailed tests
* For an upper-tailed test

ovn
p=0a (Za - T)
e For alower-tailed test
ovn
B = 1—CI><—za—T)

 The sample size required to detect a difference between the true mean and
hypothesized mean of § with power at least 1 — 8 is

(2o + 25)%07

52
If n is not an integer, round up to the nearest integer




R: Chapter 9 Case 1 Hypothesis Testing

Z-test
library(BSDA)

## Loading required package: lattice

#t
## Attaching package: 'BSDA'

## The following object is masked from 'package:datasets’':

##
#H Orange
z.test(x, 'greater’, 2.5, 0.66,

One-sample z-Test

data: x

z = 2.71e4, p-value = 9.808336

alternative hypothesis: true mean is greater than 2.5
95 percent confidence interval:

FHEEEREREES

2.814503 NA
sample estimates:
mean of X

3.3

0.95)



O}M - /.O
N= 5=

Power using OC-Curve
Find the power when the true mean value is 3.325

A=, 2

SEA

<¥—“‘/—"—‘_“——--

|

o\ =.05 o/

I



R: Chapter 9 Case 1 Power

Power
library(asbio)

## Warning: package 'asbio’ was built under R version 4.2.3

## Loading required package: tcltk

#H

## Attaching package: 'asbio’

## The following object is masked from 'package:psych':

i+
H#Ht skew

power.z.test(
#tt $sigma

## [1] 0.66
##

## [1] 5

&

$alpha
[1] ©.85

$effect
[1] ©.825

PEEREEER:

$test
[1] "one.tail"

9.66,n=5, .05, 9.825,

"one.tail")

## $power é_ ﬁ)WPF —= /kﬁ
## [1] ©.8749757



Type Il Error Rate and Sample Size
* You will not be required to calculate or use OC-curves

* You must understand the concept and be able to correctly
identity type | and type Il error



Chapter 9, Case 2

Hypothesis Test on the Mean, Variance Unknown
* Much more common case than variance known
e Substitute S foro
* The test statistics is now a t random variable
TZY—%
S/\n




Summary of Case 2



Problem 9.3.6



Descriptive Statistics
x<-c(23.01,22.22,22.04,22.62,22.59)
library(psych)

describe(x)

## vars n mean sd median trimmed mad min max range skew kurtosis

se
## X1 1D 223 938 2459 22.5 0.55 22.04 23.01 0.97 0.08 -1.84

0.17



Boxplot
boxplot(x)

22.6 23.0

22.2




Classical Approach



Hypothesis Test Using R

t-test
t.test(x,alternative="two.sided" ,mu=22.5,cont 9.95)

H#H
##

##
#i
#H#
##
Hi#
##
#H#
#H#
##

One Sample t-test

data: x
t = -0.023642, df = 4, p-value = 0.9823
alternative hypothesis: true mean is not equal to 22.5
95 percent confidence interval:
22.02625 22.96575
sample estimates:
mean of Xx
22.496



Normal Probability Plot

Normal Probability Plot
library(car)

## Loading required package: carData

#i
## Attaching package: 'car’

## The following object is masked from 'package:psych’:
##

#i#t logit
qgqPlot(x)
=
)
~N

22.6

222

norm quantiles

## [1] 1 3



P-values

 More difficult to calculate since the t-tables only contain a
few quantiles

* Can use tables to generate bounds on the p-value

* Software will provide p-values



P-values from R

t.test(x,alternative="two.sided",mu=22.5,conf.le 0.95)

One Sample t-test

##
##
##
## data: x

## t = -0.023642, df = 4, p-value = 0.9823

## alternative hypothesis: true mean is not equal to 22.5
## 95 percent confidence interval:

## 22.02625 22.96575

## sample estimates:

## mean of x

## 22.496



Power Calculations

 Are much more complicated

* The true distribution is now a non-central t

e Use tables to solve (Chart VIl in appendix) or software



Power Calculation using R

Power

power.t.test(n=5,delta=0.25,sd=0.38, level=0.05,type="two.sample")
#it

#it Two-sample t test power calculation
##

Fiz:d n=>5

## delta = 0.25

## sd = 0.38

#i sig.level = 0.05

#it power = 0.1491624

## alternative = two.sided

##

## NOTE: n is number in *each* group



Sample Size using R

Sample Size

power.t.test(; 0.

Two-sample t

n
delta

sd
sig.level
power
alternative

FHEEEEEEEER:

NOTE: n is number

9,delta=0.25,5d=0.38,

test power calculation

49.53305
0.25
0.38

= 0.05

0.9
two.sided

in *each* group

0.05,!1

"two.sample")



Chapter 9, Case 2 2-sided Practice Problems



Chapter 9, Case 2 Lower Practice Problems



Chapter 9, Case 2 Upper Practice Problems



Case 3. Hypothesis Test on Variance
of Normal Population

The test statistics is a y? random variable
(n—1)s2

2 _
Xo = 2
)

Tests on the Variance
of a Normal
Distribution

Null hypothesis:  H;: 6> =07

: 2 (n— l)S 2
Test statistic: % = T
Alternative Hypothesis
H,:0% #0;
H,:0’ >0,
H,:0% <0,

et S

Rejection Criteria
2 2
L > Lo O Yo <Kiorza-

2 2
XO % X'(x.n-l

x(zl S ﬁ—a.n—l



- The table below summarizes the three possible hypothesis
tests. The rejection regions are clearly shown in Figure 9-17 on
page 222



Figure 9-17



Test Summary
See summary in your textbook



Problem 7.108

Problem taken from Ostle, Turner, Hicks and
McElrath (1996). Engineering Statistics: The
Industrial Experience. Duxbury Press.



Statistics for Problem 7.108

x<-c(0.83,0.79,0.77,0.81,0.80)

library(psych)

describe(x)

HE vars n mean sd median trimmed mad min max range skew kurtosis se
## X1 15 0©.8 8.92 0.8 0.8 .21 8.77 ©.83 0.06 %] -1.69 0.91
print(var(x))

## [1] Se-04



Classical Approach



Problem 7.108 Plots

0.79 0.81 0.83

0.77
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Problem 7.108 Plots
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Problem 7.108 Shapiro-Wilks Test

# [1] 3 1
shapiro.test(x)

#H#
## Shapiro-Wilk normality test

#H
## data: x
## W = ©.99929, p-value = ©.9998



p-values

Very similar to the case for the mean of a normal population
with variance unknown

Difficult to calculate since the y?-tables only contain a few
guantiles

Can use tables to generate bounds on the p-value
Software will provide p-values



Test on Variance using R (EnvStats)

varTest(x,

P HHEEE LR ER

Results of Hypothesis Test

Null Hypothesis:
Alternative Hypothesis:
Test Name:

Estimated Parameter(s):
Data:

Test Statistic:

Test Statistic Parameter:
P-value:

95% Confidence Interval:

" L 1]
greater”,

.95, 9.000196)

variance = ©.000196

True variance is greater than ©.8001S6
Chi-Squared Test on Variance

variance = 5e-84

X

Chi-Squared = 18.28488

df = 4

©.03712675

LCL
ucL

08.0802107986
Inf



Power Calculations
e Can be done with OC curves found in Table Vlli—n
e Can be done in software such as R



Test on Standard Deviation
e What about test on standard deviation?



Chapter 9, Case 3 2-sided Practice Problems



Practice Problem Chapter 9, Case 3 Lower



Practice Problem Chapter 9, Case 3 Upper



Case 4. Hypothesis Test on a Population Proportion

* The test statistics for the hypothesis test is
X — NPy
Zo

) \/npo(l — Po)







Problem 9.5.2



Problem 9.5.2 Classic Approach



Power Calculations

For the two-sided alternative hypothesis
g = o (Po —p+t Za/Z\/po(l - Po)/n)
Jr@ =p)/n
_d (Po 2 Za/2\/'P0(1 - 'Po)/n)
Jp@=p)/n

If the alternative is Hy:p < py
B Po — P — Zay/Po(1 — Do) /1
p=1—-0
Jp(l —p)/n

and finally if the alternative hypothesisis Hy: p > p,
b (po =P+ Za/po(1 - Po)/n>
Jp@=p)/n




Sample Size

* Sample size requirements to satisfy type Il(f) error constraints
for a two-tailed hypothesis test is given by

Za/2\/Po(1 — Po) + Zﬁ\/P(l —p) i

P — Do |
* For a sample size for a one-sided test substitute z, for z, /,.
* Problem 9.95




Testing for Goodness of Fit

Material is presented in section 9-7 of your textbook

Procedure determines if the sample data is from a specified
underlying distribution

Procedure uses a y* distribution

Example 9-12 presents a y? goodness of fit test for a Poisson
example

Example 9-13 presents a y? goodness of fit test for a normal
example



Procedure

1.

2.
3.
4

o

Collect a random sample of size n from a population with an unknown distribution,
Arrange the n observations in a frequency distribution containing k classes
Calculate the observed frequency in each class 0;,

From the hypothesized distribution, calculate the expected frequency in class i,
denoted E; (if E; is small combine classes)

Calculate the test statistic
k
Xz _ i=1(0i B Ei)z
0 E,
Reject the null hypothesis if the calculated value of the test statistic )(5 > Xczr,k—p—l
where p is the number of parameters in the hypothesized distribution




Example 9.12, part 1



Example 9.12, part 2



Chapter 9 Summary

You should be prepared to work any practice problems
assigned: Cases 1-3 with three different alternatives

All other information is conceptual knowledge that can be
qguestioned with multiple choice

— Name 3 ways to test if data is from a normal distribution



A-8 APPENDIX A Statistical Tables and Charts

=39
-38
=37
=36
=35
=34
=33
=32
=31
=30
-29
-28
=27
=26
=25
-24
=23
=22
=24
=20
-19
-1.8
=13
=16
-15
-14
-13
=12
=11
=10
=09
=08
=07
-0.6
-0.5
-04
=03
-02
=0.1

0.0

o =Pz<d= [
- \/2x

0.09

0.000033
0.000050
0.000075
0.000112
0.000165
0.000242
0.000350
0.000501
0.000711
0.001001
0.001395
0.001926
0.002635
0.003573
0.004799
0.006387
0.008424
0.011011
0.014262
0.018309
0.023295
0.029379
0.036727
0.045514
0055917
0.068112
0.082264
0.098525
0.117023
0.137857
0.161087
0.186733
0.214764
0.245097
0277595
0.312067
0.348268
0.385908
0.424655
0464144

0.000034
0.000052
0.000078
0.000117
0.000172
0.000251
0.000362
0.000519
0.000736
0.001035
0.001441
0.001988
0.002718
0.003681
0.004940
0.006569
0.008656
0.011304
0014629
0.018763
0.023852
0.030054
0.037538
0.046479
0057053
0.069437
0.083793
0.100273
0.119000
0.140071
0.163543
0.189430
0217695
0.248252
0.280957
0315614
0351973
0.389739
0.428576
0468119

0.102042
0.121001
0.142310
0.166023
0.192150
0.220650
0251429
0284339
0319178
0.355691
0.393580
0432505
0.472097

0.000037
0.000057
0.000085
0.000126
0.000185
0.000270
0.000390
0.000557
0.000789
0.001107
0.001538
0.002118
0.002890
0.003907
0.005234

0.009137
0.011911
0.015386
0.019699
0.024998
0.031443
0.039204
0.048457
0.059380
0.072145
0.086915
0.103835
0.123024
0.144572
0.168528
0.194894
0.223627
0254627
0287740
0322758
0359424
0397432
0436441
0476078

0.000039
0.000059
0.000088
0.000131
0.000193
0.000280
0.000404
0.000577
0.000816
0.001144
0.001589
0.002186
0.002980
0.004025
0.005386
0.007143
0.009387
0.012224
0.015778
0.020182
0.025588
0.032157
0.040059
0.049471
0.060571
0.073529
0.088508
0.105650
0.125072
0.146859
0.171056
0.197662
0.226627
0257846
0.291160
0.326355
0.363169
0.401294
0.440382
0.480061

) IR

—7

0.000041
0.000062
0.000092
0.000136
0.000200
0.000291
0.000419
0.000598
0.000845
0.001183
0.001641
0.002256
0.003072
0.004145
0.005543
0.007344
0.009642
0.012545
0016177
0.020675
0.026190
0.032884
0.040929
0.050503
0.061780
0.074934
0.090123
0.107488
0.127143
0.149170
0.173609
0.200454
0.229650
0.261086
0.294599
0.329969
0.366928
0.405165
0.444330
0.484047

“ du

0.000042
0.000064
0.000096
0.000142
0.000208
0.000302
0.000434
0.000619
0.000874
0.001223
0.001695
0.002327
+0.003167
0.004269
0.005703
0.007549
0.009903
0012874
0016586
0021178
0.026803
0.033625
0041815
0.051551
0.063008
0.076359
0091759
0.109349
0.129238
0.151505
0.176185
0203269
0232695
0264347
0298056
0333598
0.370700
0409046
0448283
0.488033

0.000044
0.000067
0.000100
0.000147
0.000216
0.000313
0.000450
0.000641
0.000904
0.001264
0.001750
0.002401
0.003264
0.004396
0.005868
0.007760
0.010170
0.013209
0.017003
0.021692
0.027429
0.034379
0.042716
0.052616
0.064256
0.077804
0093418
0.111233
0.131357
0.153864
0.178786
0206108
0235762
0267629
0.301532
0337243
0374484
0.412936
0452242
0.492022

0.000046
0.000069
0.000104
0.000153
0.000224
0.000325
0.000467
0.000664
0.000935
0.001306
0.001807
0.002477
0.003364
0.004527
0.006037
0.007976
0.010444
0013553
0.017429
0.022216
0.028067
0035148
0.043633
0.053699
0,065522
0.079270
0,095098
0.113140
0.133500
0.156248
0.181411
0.208970
0.238852
0.270931
0.305026
0340003
0378281
0416834
0.456205
0.496011

0.001350

0.001866
0.002555

0.003467
0.004661
0.006210
0.008198
0010724
0013903
0.017864
0.022750
0.028717
0.035930
0.044565
0.054799
0.066807
0.080757
0.096801
0.115070
0.135666
0.158655
0.184060
0211855
0241964
0.274253
0308538
0.344578
0.382089
0.420740
0.460172
0.500000







656 APPENDIX A STATISTICAL TABLES AND CHARTS

tav
Table IV Percentage Points t,, , of the t-Distribution
: |
v 40 25 .10 .05 025 .01 .005 0025 .001 0005
1 325 1.000 3.078 6.314 12.706 31.821 63.657 127.32 318.31 636.62
2 289 816 1.886 2.920 4.303 6.965 9.925 14.089 23.326 31.598
3 21 765 1.638 2.353 3.182 4.541 5.841 7.453 10.213 12.924
4 271 741 1.533 2.132 2,776 3.747 4.604 5.598 7.173 8.610
5 267 727 1.476 2.015 2571 3.365 4.032 4.773 5.893 6.869
6 265 718 1.440 1.943 2.447 3.143 3.707 4.317 5.208 5.959
7 .263 711 1.415 1.895 2.365 2,998 3499 4.029 4.785 5.408
8 262 706 1.397 1.860 2.306 2.896 3.355 3.833 4.501 5.041
9 261 703 1.383 1.833 2.262 2.821 3.250 3.690 4.297 4781
10 .260 700 1372 1.812 2.228 2764 3.169 3.581 4.144 4.587
11 260 697 1.363 1.796 2.201 2.718 3.106 3.497 4.025 4.437
12 259 695 1.356 1.782 2,179 2.681 3.055 3428 3.930 4318
13 259 694 1.350 1.771 2.160 2.650 3.012 3372 3.852 4.221
14 258 692 1.345 1.761 2,145 2.624 2977 3.326 3.787 4.140
15 258 691 1.341 1.753 2.131 2.602 2.947 3.286 3.733 4.073
16 258 690 1.337 1.746 2,120 2.583 2.921 3.252 3.686 4.015
17 257 689 1.333 1.740 2.110 2567 2.898 3222 3.646 3.965
18 257 688 1.330 1.734 2.101 2552 2.878 3.197 3610 3922
19 257 688 1.328 1.729 2.093 2539 2.861 3174 3.579 3.883
20 257 687 1.325 1.725 2.086 2.528 2.845 3153 3.552 3.850
21 257 686 1.323 1.721 2.080 2.518 2.831 3.135 3.527 3.819
22 256 686 1.321 1.717 2.074 2.508 2.819 3.119 3.505 3.792
23 256 685 1.319 1.714 2.069 2.500 2.807 3.104 3.485 3.767
24 256 .685 1.318 1.711 2.064 2492 2.797 3.091 3.467 3.745
25 256 684 1316 1.708 2.060 2.485 2.787 3.078 3.450 3.725
26 256 684 1315 1.706 2.056 2.479 2779 3.067 3.435 3.707
27 .256 684 1314 1.703 2.052 2473 27711 3.057 3.421 3.690
28 256 683 1.313 1.701 2.048 2.467 2.763 3.047 3.408 3,674
29 256 683 1.311 1.699 2.045 2.462 2.756 3.038 3.396 3,659
30 256 683 1.310 1.697 2.042 2.457 2.750 3.030 3.385 3.646
40 255 681 1.303 1.684 2.021 2423 2.704 2971 3.307 3.551
60 254 679 1.296 1.671 2.000 2390 2.660 2915 3232 3.460
120 254 677 1.289 1.658 1.980 2.358 2,617 2.860 3.160 331
® .253 674 1.282 1.645 1.960 2326 2.576 2.807 3.000 3.291

v = degrees of freedom.
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i,

Table ITl  Percentage Foints ), of the Chi-Squared Distribution

«

\ 995 90 975 025
1 00+ 00+ 00+ 502
2 o1 02 05 738
3 7 it 22 9.35
4 21 30 AR JIRE)
3 A1 55 83 1283
6 68 87 1.24 1445
7 L] 1.24 169 16.01
1] 1.34 1.68 218 1753
9 173 2,09 270 19.02
10 218 2.56 325 2048
1 260 3.08 382 2192
2 307 357 4.40 2334
13 157 4.1 50 2474
14 407 4.66 5.63 2612
15 4.60 523 2749
16 514 581 2885
7 - 570 b4l 3019
13 6.26 7.01 3153
19 6.84 763 3285
20 743 826 3407
21 R 290 3548
n B.64 954 3678
n 926 1020 W08
4 9.89 1086 3936
2l 1052 11.52 1312 40.65
26 116 1220 1384 4192
Fa 1181 1288 1457 4319
i 1246 13.57 1531 4446
2 132 1426 16.05 4572
30 1379 14.95 16.79 4377 46,93
40 0.7 2,16 2443 3576 59.34
50 279 2271 3236 6750 742
60 3553 3748 4048 T9.08 8330
0 4328 4544 4870 0,53 9502
80 5117 5354 10188 10663
9«0 59.20 61.75 11314 11814

12434 12956 14017

100 6733 7006 7422
» = degrees of freedom
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