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LECTURE 6



Agenda

Start Chapter 3 lectures

Two Events Practice Problems (assigned 9/16/2025, due
9/18/2025)

Two Events Quiz (assigned 9/18/2025, due 9/23/2025)
CDF Practice Problems (assigned 9/18/2025, due 9/23/2025)
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Handouts

e Lecture 6 Slides - Powerpoint
e Lecture 6 Slides - marked (pdf)



Random Variable

A random variable is a function that assigns a number real number to each
outcome in the sample space of a random experiment.

A discrete random variable is a random variable with a finite or (countably infinite)
| e

range. Wfé
— Examples inélude number of scratches on a surface, proportion of defective
parts among 1000 tested, number of transmitted bits received in error

A continuous random variable is a random variable with an interval of real
numbers for its range. C

— Examples include electrica currer%t, length, pressure, temperature, time
voltage, weight






Definitions

There are three terms commonly used in describing the mathematical relationship between events and probabilities for
discrete random variables

Probability distribution

of a random variable is a description of the probabilities associated with the possible values of X

N’\—E r&w\darﬂ Uﬂ*‘“’“‘ble /3 G“rfo
Probability mass function @ (‘ ‘} &
for arandom variable X with possible values X1 /X5, ..., Xy, is C—a 6:' “ é €
bax)

f(x) = P(X'= xy)
— R

Cumulative distribution function

of a random variable X is C, Dﬁc’

F(x) = P(X < x) = Z £(x)
z Xi<x

upP?’



Probability Distributions

Can be described in three different ways:
1. Graphically using a histogram,
2. in a tabular manner, see problem 3.1.13 on page p-15 or,

3. using a mathematical function (PMF), see problem 3.1.11 on
page p-15.
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\ Probability Mass Functions

AP discrete random variable X with possible values of
" X1, X9, .. is function with the following properties:
« flx) =0
n -
c Yieaf(xp) =1 ‘
/(Xi) :P(X:Xl) é:______..- &{QNI*[&“
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Cumulative Distribution Function

There are three special properties that a function must satisfy to

be a cumulative distribution function (CDF):
e . s oo
2.0 < F(x) <1 51}8)@O£’<
3. Ifx < y,then F(x) < F(y) \J (}\p-ﬂjS
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XETO H\ | A
Using a CDF
>< 0\9\\ ‘)Q\@

Knowledge of the CDF can simplify calculating probabilities

Example consider a sample of 20 items and we count the number of defects, X
— Find P(X > 8
( ) >( ZC] \‘D 203 '”QGE
P(X>8) = zp(x 0 — }(\

= 1?95 F(8) = ‘Eﬁ>\
This can also be written d4nother way
P(X>8) = 1-P(X<8)
= 1—F(8)

Care must be taken when using CDF regarding less than or less than or equal to
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CDF Practice Problems

Question 1 (1 point)

) Listen | B
Listen to this page using ReadSpeaker
Let X be a random variable with cumulative distribution function, F(x). Find P(X>12).
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Question 3 (1 point) Y j » V /

| @isten [ » | $ Cy\
Let X be a random variable with cumulative distribution function, F(x). Find P(X<9). \ o _ |
A Y(H)
© (F

O 1) 1,8

© 2 ) - F@). @/X 49 \ - )j/g)
O 3) k).

O 9 k)

O 5) 1-F(9)



Question 5 (1 point)

‘ o) Listen ‘ » ‘

Let X be a random variable with cumulative distribution function, F(x). Find l@ -—? ‘: ( 5
O 1) R,

O 2) 155 @(Y‘L:é\ :WX§6>

O 3 F(6) - F(5).

O 4) F(5) P %

O 5) 1-F(6)



Question 7 (1 point)

KD m
Let X be a random variable with cumulative distribution function, F(x). Find p { X : ’/‘ /‘G — \ —_—

P(X>=10).

O 1) 1-F(9).

O ZJ\Fr?/;(s')
O3 F[?BQ

O 4) 1-F(10)
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Question 9 (1 point)

| o) Listen | [= |

Let X be a random variable with cumulative distribution function, F(x). Find P(X=10).

ﬁ;,)b p(wa\ ‘F/‘& m
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Mean and Variance of a Discrete Random Variable

(ireel led-Hev

The mean or expected value of a random variable (denoted E (X)) is

/\_) _ \{\/\u._., M=E(X)=ixif(xi)
e a\l \p\au{@%} G‘C

The variance of X is

= V(X) = E(X — p)? = Z(xl w2 f(;

The standard deviation of X is (? — . \TQ

o=+ V(X)

Fortunately, we won’t often use these formulas. Distributions W|II hav
defined functions for p and o Qf}



Bernoulli Distribution

The Bernoulli distribution is one of the simplest statistical distributions.

The Bernoulli distribution is a random variable that can take only
two values

Usually the events are labelled 0 and 1

The distribution is defined by a single parameter p (0 < p < 1),
takes the valuesOand 1with P(X =0) =1—pand P(X =1) =p

The mean is

u=EX)=p
The standard deviation is

g =+/p(1-p)




Summary of Common Probability Distributions
(Discrete)

A-4 APPENDIX A Statistical Tables and Charts ‘

Summary of Common Probability Distributions

Probability Section
Name Distribution Mean Variance in Book B

Discrete :
= T |
i 16 (b +a) (b-a+172-1 g |
n 2 12
Binomial "ot = py np np(1 - p) 36
x
x=0,1,...,n,05p<1
) -1
Geometric (hepty 1/p (1-p)/p? 37
x=12,...,08p<1
x=1 a ——
Negative binomial r—1 g r/p r(1-p)/p? 37
x=rr+Lr+2,..,0&p<1
K|I[IN-K
x)ln=x
np 3
Hypergeometric X K- g P (N n) o
n where p = N N-1
x=max(0,n-N+K),1,...
min(K,n),K SN,n <N
i e\
Poisson %50,1,2,,.,0<A A A 39
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Discrete Uniform Distribution

A random variable X is a discrete uniform rv if each of the n values in its range,
X1, X, ..., Xy, has equal probability

The PMF of a discrete uniform is defined to be
1
flx) = -

If the discrete uniform random variable is defined on the consecutive integers a, a +
1,...,bfora < b.Themeanis

b+a
U= E(X) = >
and the standard deviation is
B b—a+1)2-1
o= 12

Work problem 3.80



Problem 3.80

3-80. ° The lengths of plate glass parts are measured to the
Nearest tenth of a millimeter. The lengths are uniformly dis-
tributed with values at every tenth of a millimeter starting at
590.0 and continuing through 590.9. Determine the mean and
Variance‘of the lengths.

-

Problem 3.80



Binomial Distribution

A very common and important distribution. See examples on pages
80

* A binomial experiment is an experiment consisting of n repeated
trials such that
1. the trials are independent
2. each trial results in a Bernoulli outcome
3. the probability of success on each trial, denoted as p, remains constant
* To be a binomial distribution, the sampling must be done with

replacement. In some situations, the binomial distribution can be
used when the sampling is done without replacement



Binomial Distribution

The binomial PMF is
n

flx) = <x> p*(1—p)"™*

n
h . n!
where ( ) T xl(n-x)!

The mean of a binomial random variable is
u=EX)=np
The standard deviation of X is

o =+np(1—p)
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(a) Sketch the probability mass function of X.
(b) Sketch the cumulative distribution.
(c) What value of X is most likely?
(d) What value(s) of X is (are) least likely?
3-79. The random variable X has a binomial distribution with
n = 20 and p = 0.5. Determine the following probabilities.
(a) P(X =15) (b) P(X = 12)
(c) PX=19) (d) P13 =X<15)
(e) Sketch the cumulative distribution function.

image



Problem 3-79

=BINOMDIST(A:
=BINOMDIST(A4
=BINOMDIST(A
~|“BINOMDIST(A

=BINOMDIST(A
=BINOMDIST(A
<BINOMDIST(A

Excel Formula for Binomial Example T Ao

=BINOMDIST,

=BINOMDIST 13.20:
14,20,

=BINOMDIST(A
=BINOMDIST(A
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APPENDIX A Statistical Tables and Charts  A-7

Cumulative Binomial Probability Tables

9 10000 09974 09520 07553 04119 01275 00171 00006 00000 0.0000 0.0000
10 10000 09994 09829 0.8725 05881 02447 00480 00026 00000 00000 0.0000
1 10000 09999 009949 09435 07483 04044 01133 00100 00001 00000  0.0000
12 10000 10000 09987 09790 08684 05841 02277 00321 00004 00000 0.0000
13 10000 10000 09997 09935 09423 07500 03920 00867 00024 0.0000 00000
14 10000 10000 10000 09984 09793 08744 05836 0.1958 00113 00003  0.0000
IS5 10000 1.0000 1.0000 09997 09941 09490 07625 03704 00432 00026  0.0000
16 10000 10000 10000 10000 09987 09840 08929 05886 0.1330 00159  0.0000
17 10000 1.0000 10000 1.0000 09998 0994 09645 07939 03231 00755 00010
18 10000 10000 1.0000 10000 10000 09995 09924 09308 06083 02642 00169
19 10000 1.0000 1.0000 1.0000 1.0000 10000 09992 09885 08784 0.6415  0.1821

Cumulative Binomial Probability Tables



Binomial Practice Problems



Hypergeometric Distribution

The hypergeometric distribution is one of the commonly
occurring distributions in quality.

* Arandom variable is hypergeometric when a set of N objects
contains
— K objects classified as successes and
— N — K objects classified as failures

— a sample of size n is selected without replacement from the N
objects, where K < Nandn < N



Hypergeometric Distribution

* The hypergeometric PMF is

(DG

f(x) =

e The mean of X is
E(X)=u=np
e The variance of X is

o2 = V() = mp(1 —p) [

N-—-1




Hypergeometric Example Problem

o & Rumgerton).
B
Egincers

fors: N = 4o, p=20
pto k=20, PLra= |-plx=o)

1Ho=20

ta: (VG| g oss
(5
PLxn/] = 1-0356 = Geuy
ML\ K=5, Lo PLX?'} - I'P(X:O)
-5
(-0 ) o usa
|~to)

20

PLoy )= V=457 = 5429

image



Excel for Hypergeometric Example

F\Wzvgea metnc E)‘q»@l@

x 1x) Fl)

[ 04571 04571
1 0340 08511
2 01280 09790
3 00195 09988
4 00014 10000
s 00000 1.0000
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Binomial Approximation to the Hypergeometric
Distribution

The mean and variance of the hypergeometric and binomial distribution

are very similar. The variance only differs by the finite population
correction factor,

N—n

N-1
Sampling with replacement is equivalent to sampling from an infinite set
(without replacement) because the proportion remains constant

If n is small relative to N, then the finite correction is negligible and the
binomial distribution can be used as an approximation to the
hypergeometric.

A rule of thumb is to use this approximation when N /n > 20.




Geometric Distribution

Montgomery and Runger (2003) define a geometric random variable to be the number
of trials until the first success of a series of independent Bernoulli trials, with constant
probability p of success

The PMF of a geometric distribution is
f) =0 -p)*1p x=12,..
The mean of a geometric random variable is

1
U= E(X) = 5
The variance of a geometric random variable is

1_
o2 = V(x) = —L

pZ




Geometric Distribution Example

Greometric DS o E«%‘on EX&"‘JP’Q

e random varishle X has a geometrc
‘meam of 2.5 Determine the folowing

@ Px ) PUC= )
©RX=S) @ PX=3)
© Hx>

oot Sl BSTE
Eegtacers
I
Wte pzl=25 =7 p=zz0u
fFo W)= Oy L ey = o
Al d§ Plys3)= Ph=)) FPlx=2) +Ple= 3

Ph=a)= (=44 = 0.24
Pxz3) = (=Y = omd
Phes)z 4+ #4734
Part Pl173): J»(m:yH?(x:a))
I1-(4 +24)
36

([T

image



Negative Binomial Distribution

Montgomery and Runger (2003) define a negative binomial random variable to be the number of
trials until r successes are observed of a series of independent Bernoulli trials, with constant
probability p of success

The geometric distribution is a special case of the negative binomial distribution with r =1
The PMF of a negative binomial distribution is

f(x) = (;f ~ i) (1—-p)* ", x=r1r+1,..
The mean of a negative binomial random variable is
r
U= E(X) = —
p

The variance of a negative binomial random variable is

0.2 — V(X) =M
p



Negative Binomial Example

Negabive. Binomial Distibtin

package i 0.001 and each ll i independen,
(6) What is the mean namber of flls before the line is

sopped?
() What i the standard deviston of the aumber of flls
etorsth line i stapped?

Soune: M, fomery. § Runger (3o . hppliec!
Saiohis e o by o Eng inesrs.

%PV‘%‘\ r=3, pro.00l
/_;: %;%o':zooo

P R [30zeen . (73018
- - YA
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Poisson Process

* The number of events over an interval (such as time) is a
discrete random variable that is often modelled by the
Poisson distribution

 The length of the interval between events is often modeled by
the (continuous) exponential distribution

e These two distributions are related



Poisson Process

* The number of events over an interval (such as time) is a

discrete random variable that is often modelled by the
Poisson distribution

* The length of the interval between events is often modelled
by the (continuous) exponential distribution

e These two distributions are related



Poisson Process

Assume that the events occur at random throughout the interval. If

the interval can be partitioned into subintervals of small enough length
such that

1. The probability of more than one count in a subinterval is zero

2. The probability of one count in a subinterval is the same for all
subintervals and proportional to the length of the subinterval, and

3. The count in each subinterval is independent of other subintervals,
the random experiment is called a Poisson process



Poisson Distribution

If the mean number of counts in the interval is A > 0, the random
variable X that equals the number of counts in the interval has a
Poisson distribution with parameter 4

* The Poisson PMF is

e )
f(x) = I x=0,1,2,..
e The mean of a Poisson random variable is
EX)=u=2

e The variance of a Poisson random variable is
V(X)) =0c%=21



Poisson Practice Problems



Poisson Example

Prissor Exta wple

e

Sourcer Mastgomeyy, Rurge-, Hhobele (o).
Evgineerivg Sttisties

D) M?(XZS) =32
= f- 23 c oy

b foel POx= 8) note Aol clogedt 1 [ 1R +o 26B

az Al3N ¢4

frey=e "4t _ o6
3!

@Jc\ Lol DOGEOY b€ X pnits el ggie
223(32)= 94

_4.6
= e ° _9.b
“ *’—‘6,46 - e = 0.000]
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