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LECTURE 7



Agenda

Continue Chapter 3 lectures

Test 1 Handouts

Two Events Quiz (assigned 9/18/2025, due 9/23/2025)

CDF Practice Problems (assigned 9/18/2025, due 9/23/2025)
CDF Quiz (assigned 9/23/2025, due 9/25/2025)

Binomial Practice Problems (assigned 9/23/2025, due
9/25/2025)



Handouts

e Lecture 7 Slides - Powerpoint
e Lecture 7 Slides - marked (pdf)
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Mean and Variance of a Discrete Random Variable

The mean or expected value of a random variable (denoted E(X)) is

N
p=EC0 = ) xi flx)
i=1
The variance of X is
N N
02 =V(X) = EX =102 = ) (=2 f(x) = ) xf f(x) = w3
i=1 i=1
The standard deviation of X is
o=+V(X)

Fortunately, we won’t often use these formulas. Distributions will have defined
functions for u and o2



Bernoulli Distribution

The Bernoulli distribution is one of the simplest statistical distributions.

The Bernoulli di’*Ftribution is @ random variable that can take only

two values S,/ o5 /Q{ur{?_ 7
Usually the events are labelled 0 and 1

The distribution is defined by a single parameter p (0 < p < 1),
takes the valuesOand 1with P(X =0) =1—pand P(X =1) =p

The mean is ke N
— = = S_:)(,-[r :O@(}[\:L‘hk \ =N
u=EX)=p a ;L>

-

The standard deviation is ~Oo T © €JD/
o =+p(1-p)




A-4 APPENDIX A Statistical Tables and Charts

- Summary of Common Probability Distributions

Probability Section

Name Distribntion Mean Variance in Book §

Summary of Common Probability Distributiong';)

(Discrete) \5\5 '
- = B =
Uniform l,asb (b+a) (b-a+1) -1 3500
C n 2 12
Binomial "oxt =y np np(1 - p) 36
x 3
x=0,1,..,n,0<p<1 B
) -1
Geometric ey 1/p (1 -p)/p* 37
x=12,...,08p<1
x=1 a —
Negative binomial r—1 g r/p r(1-p)/p? 37
x=rr+Lr+2,..,0&p<1
K|IN-K
x)ln-x
n 2
Hypergeometric ! i K np(1 -p) (N ") 3-8
n where p = N N-1
x=max(0,n =N +K),1,...
min(K,n),K SN,n<N
7 e\
Poisson x=0,1,2,...,0<A A A 39

x!




5\’#\\@ Discrete Uniform Distribution

* Arandom variable X is a discrete uniform rv if each of the n values in its range,

X1, X, ..., Xy, has equal probability
e The PMF of a discrete uniform is defined to be

1
f(xi) ZE

* If the discrete uniform random variable is defined on the consecutive integers a, a +
1,...,bfora < b.Themeanis

b+a
U= E(X) = >
and the standard deviation is
B b—a+1)2-1
o= 12

Work problem 3.80



Problem 3.80

3-80. ° The lengths of plate glass parts are measured to the
Nearest tenth of a millimeter. The lengths are uniformly dis-
tributed with values at every tenth of a millimeter starting at
590.0 and continuing through 590.9. Determine the mean and
Variance‘of the lengths.

-

Problem 3.80



Binomial Distribution o
Lp_)'— ?Q\@E’— : QCL\‘@Q,S

 Avery common and important distribution. See examples on pages
80

* A binomial experiment is an experiment consisting of n repeated
trials such that T
1. the trials are independent
2. each trial results in a Bernoulli outcome
3. the probability of success on each trial, denoted as p, remains constant
* To be a binomial distribution, the sampling must be done with

replacement. In some situations, the binomial distribution can be
used when the sampling is done without replacement



Binomial Distribution

(Gq_u}\‘\-\g C}."&-L)M—&-Wp—
The binomial PMF is Omhq\,\\k& ¢C W Suacehe™

F) = @Q
where(z): n - ( p GJ%BJO ‘ %Q lures
x!(n—-x)!

The mean of a binomial random variable is
u=EX)=np T

The standard deviation of X is VN O ®= I
AL

o =+np(1-p)
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Evg ineeri ng. StaehisHes
(a) Sketch the probability mass function of X.
(b) Sketch the cumulative distribution.
(c) What value of X is most likely?
(d) What value(s) of X is (are) least likely?
3-79. The random variable X has a binomial distribution with
n = 20 and p = 0.5. Determine the following probabilities.
(a) P(X =15) (b) P(X = 12)
(c) PX=19) (d) P13 =X<15)
(e) Sketch the cumulative distribution function.
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Problem 3-79

=8 A2
=BINOMDIST(A:
=BINOMDIST(A4
=BINOMDIST(A
_[SBINOMDIST(A

=BINOMDIST(A
=BINOMDIST(A
=BINOMDIST(A9.20,0.
=BINOMDIST(ATD.20,

11,

Excel Formula for Binomial Example

=BINOMDIST(AT4.
=BINGMDIST(A
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APPENDIX A Statistical Tables and Charts  A-7

Cumulative Binomial Probability Tables

i-'('l'l_}sl"ﬁ 12 1:0000 I:ODOO 10000 09999 09991 09919 09525 08021 04154 01530 00084

09444 06482 02969 00905 00176 00019 00001 0.0000 0.0000 O:Wl) 0.0000

09997 09819 08689 06098 03036 0.0950 00152 00008 00000 0.0000  0.0000

1

2

3

4 X

5 09978 09389 07216 04032 01509 00338 00037 00001 00000 00000 0.0000
6

7 10000 09958 09500 07869 0.5000 02131 00500 0.0042 0.0000 00000 0.0000
8

IS 10000 1.0000 1.0000 09997 09941 09490 07625 0:3704 0.0432 0:(1)26 0.0000
17 1.0000 1.0000 |:oooo 10000 09998 09964 09645 07939 03231 00755 00010

19 10000 10000 10000 1.0000 |:oooo 1.0000 09992 09885 08784 0.6415  0.1821

Cumulative Binomial Probability Tables



Binomial Practice Problems



Question 1 (1 point)

| o)) Listen ‘ > ‘

Let X be a binomial random variable with with parameters: n=3 and p=0.99. Find

PX<1). P(X <'\:F(O>

OFY 0.9997

¢ Ono

O 3) The correct answer is not provided.

_—
e
W
—
2
]
~0
0

O 4) 0.0003

O 5) 0.243

© 6 10



Question 3 (1 point) V\ :_ | \J G) -_— Tr

R

Let X be a binomial random variable with parameters: n=11 and p=0.99. Find P(X=3). F/lg 3 F(;_z)
P (%3 \ =

O 1) The correct answer is not provided.

O 2 10 :OhUZGO"aiﬁ%

© 3) 0.9997 . O (D
= . @@
O 4) 0.3138

© 5) 0.8389

6) 0.0



Question 5 (1 point)

Let X be a binomial random variable with with parameters: n=15 and p=0.9. Find P /y é L} \ : F/HS
P(X<=4).
—
~ O
RN ESEN 0.
- PP -

O 1) 0.2186
O 2) 0.2131
O 3) 0.9978

O 4) 0.5968

O 5) The correct answer is not provided.

O 6 10



Question 7 (1 point)

‘ o) Listen ‘ > |
Let X be a binomial random variable with with parameters: n=7 and p=0.3. Find @ ( S\ -— ) —_— ; (6#
P(X>5). == % W ~ 7
. L] 62
'\_/' 1) 1.0 a--] _
- .
I/_\I
S 2) 0.0288 — ﬁ_@
i p
O 3) 09962

I/_\I
/ 4) 09712

£y
/) 5) The correct answer is not provided.

I/_\I
. 6) 0.025



Question 9 (1 point)

e [>

Let X be a binomial random variable with with parameters: n=12 and p=0.9. Find ( o —
P(X>=6). yfzé . — e 5
rect answer is not provided. —
@ = | = 0%l

© 2) 0.9995

© 3 00 — ' 763?9
1\= '*3)6):‘7;}(:5/ e

O a) 0.0005

O 5) 1.0

© 6 0.001 *i"‘}‘ﬂ/V@gé”(e ,_L:-—-g*”



Hypergeometric Distribution

The hypergeometric distribution is one of the commonly
occurring distributions in quality.

* Arandom variable is hypergeometric when a set of N objects
contains
— K objects classified as successes and
— N — K objects classified as failures

— a sample of size n is selected without replacement from the N
objects, where K < Nandn < N



Hypergeometric Distribution

* The hypergeometric PMF is

(DG

f(x) =

e The mean of X is
E(X)=u=np
e The variance of X is

o2 = V() = mp(1 —p) [

N-—-1




Hypergeometric Example Problem

o & Rumgerton).
B
Egincers

fors: N = 4o, p=20
pto k=20, PLra= |-plx=o)

1Ho=20

ta: (VG| g oss
(5
PLxn/] = 1-0356 = Geuy
ML\ K=5, Lo PLX?'} - I'P(X:O)
-5
(-0 ) o usa
|~to)

20

PLoy )= V=457 = 5429

image



Excel for Hypergeometric Example

F\Wzvgea metnc E)‘q»@l@

x 1x) Fl)

[ 04571 04571
1 0340 08511
2 01280 09790
3 00195 09988
4 00014 10000
s 00000 1.0000

SECaeme
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Binomial Approximation to the Hypergeometric
Distribution

The mean and variance of the hypergeometric and binomial distribution

are very similar. The variance only differs by the finite population
correction factor,

N—n

N-1
Sampling with replacement is equivalent to sampling from an infinite set
(without replacement) because the proportion remains constant

If n is small relative to N, then the finite correction is negligible and the
binomial distribution can be used as an approximation to the
hypergeometric.

A rule of thumb is to use this approximation when N /n > 20.




Geometric Distribution

Montgomery and Runger (2003) define a geometric random variable to be the number
of trials until the first success of a series of independent Bernoulli trials, with constant
probability p of success

The PMF of a geometric distribution is
f) =0 -p)*1p x=12,..
The mean of a geometric random variable is

1
U= E(X) = 5
The variance of a geometric random variable is

1_
o2 = V(x) = —L

pZ




Geometric Distribution Example

Greometric DS o E«%‘on EX&"‘JP’Q

e random varishle X has a geometrc
‘meam of 2.5 Determine the folowing

@ Px ) PUC= )
©RX=S) @ PX=3)
© Hx>

oot Sl BSTE
Eegtacers
I
Wte pzl=25 =7 p=zz0u
fFo W)= Oy L ey = o
Al d§ Plys3)= Ph=)) FPlx=2) +Ple= 3

Ph=a)= (=44 = 0.24
Pxz3) = (=Y = omd
Phes)z 4+ #4734
Part Pl173): J»(m:yH?(x:a))
I1-(4 +24)
36

([T
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Negative Binomial Distribution

Montgomery and Runger (2003) define a negative binomial random variable to be the number of
trials until r successes are observed of a series of independent Bernoulli trials, with constant
probability p of success

The geometric distribution is a special case of the negative binomial distribution with r =1
The PMF of a negative binomial distribution is

f(x) = (;f ~ i) (1—-p)* ", x=r1r+1,..
The mean of a negative binomial random variable is
r
U= E(X) = —
p

The variance of a negative binomial random variable is

0.2 — V(X) =M
p



Negative Binomial Example

Negabive. Binomial Distibtin

package i 0.001 and each ll i independen,
(6) What is the mean namber of flls before the line is

sopped?
() What i the standard deviston of the aumber of flls
etorsth line i stapped?

Soune: M, fomery. § Runger (3o . hppliec!
Saiohis e o by o Eng inesrs.

%PV‘%‘\ r=3, pro.00l
/_;: %;%o':zooo

P R [30zeen . (73018
- - YA
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Poisson Process

* The number of events over an interval (such as time) is a
discrete random variable that is often modelled by the
Poisson distribution

 The length of the interval between events is often modeled by
the (continuous) exponential distribution

e These two distributions are related



Poisson Process

* The number of events over an interval (such as time) is a

discrete random variable that is often modelled by the
Poisson distribution

* The length of the interval between events is often modelled
by the (continuous) exponential distribution

e These two distributions are related



Poisson Process

Assume that the events occur at random throughout the interval. If

the interval can be partitioned into subintervals of small enough length
such that

1. The probability of more than one count in a subinterval is zero

2. The probability of one count in a subinterval is the same for all
subintervals and proportional to the length of the subinterval, and

3. The count in each subinterval is independent of other subintervals,
the random experiment is called a Poisson process



Poisson Distribution

If the mean number of counts in the interval is A > 0, the random
variable X that equals the number of counts in the interval has a
Poisson distribution with parameter 4

* The Poisson PMF is

e )
f(x) = I x=0,1,2,..
e The mean of a Poisson random variable is
EX)=u=2

e The variance of a Poisson random variable is
V(X)) =0c%=21



Poisson Practice Problems



Poisson Example

Prissor Exta wple

e

Sourcer Mastgomeyy, Rurge-, Hhobele (o).
Evgineerivg Sttisties

D) M?(XZS) =32
= f- 23 c oy

b foel POx= 8) note Aol clogedt 1 [ 1R +o 26B

az Al3N ¢4

frey=e "4t _ o6
3!

@Jc\ Lol DOGEOY b€ X pnits el ggie
223(32)= 94

_4.6
= e ° _9.b
“ *’—‘6,46 - e = 0.000]
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