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The matrix algebra results presented in this chapter will enable us to concisely
state statistical models. Moreover. the formal relations expressed in matrix terms
are easily programmed on computers to allow the routme calculation of important |
statistical quantities.

We begin by introducing some very basic concepts that are essential to
both our geometrical interpretations and algebraic explanations of subsequent
statistical technigues. If you have not been previously exposed to the rudiments
of matrix algebra, vou may prefer to follow the brief refresher in the next section
by the more detailed review provided in Supplement 2A

2.2 SOME BASICS OF MATRIX AND VECTOR ALGEBRA

Vectors

An arrav x of n real numbers x,. xs, ... Lx, 18 called a vecror and 1t s written

as

35
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each column of B. _
The mairix product AB 1s

or
(i, jyentry of AB = aub,, + aisby, + + agb, >
|
When k& = 4, we have four products to add for cach entry in the matny
AB. Thus
gy 5 a3 O
1 " . E ; b, b\
| ; 4 :
A B = : - . i ‘h” | b2
) : . I
£ Yy,
oy Upy Ay Uy
Column
= Rowi|---(a,b, + by + daby, + aubs,)
Example 2.5
If
- | - 2
Al £ g 2l
A= ] s B and C {'
> 2
then
- 2 r
A B 3 I = i‘l 2) + (= INT) + 2(9)
= i 3 ' H=2) + &7 49)
l}-' -
5
]
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‘

elements in a column of B, we can form the matrix product AB. An element of
the new matrix AB is formed by taking the inner product of each row of A wi

A B = the (p * m matrix whose entry in the ith row and jth column
ipbiencthe inner product of the ith row of A and jth column of B

o dgby o (2-10)

2AH 0D A-D+ 05 2 +0h] _[e -2 4
1) - 1D W=D =15 12 - 14D 2 —6 2
|
Square matrices will be of special importance in our development of statistical
methods. A square matrix is said to be symmerric it A = A’ ora a, for all
i and j

Example 2.6

The matrix

[V
ra th

Is svmmetric: the matrix

IS not svmmetric. ]

When two square matrices A and B are of the same dimension, both products
AB and BA are defined, although they need not be equal (see Supplement 2ZA).
If we let 1 denote the square matrix with ones on the diagonal and zeros elsewhere,
it follows from the definition of matrix multiplication that the (i, j) entry of Al

isay; X0 + <+ + @, , X0+ a; X1+ @, X0+ -+ a;, x 0=
a,, so Al = A, Similarly. IA = A and
I A = A 1 A forany A (2-11)
xR ) tk=k) ek kxk)
The matrix I acts like 1 in ordinary multiplication (1 - « a1 = a). 50

it 1s called the identiry matrix.
T'he fundamental scalar relation about the existence of an inverse number
a ' such that a 'a aa ' = 1.if a # 0. has the following matrix algebra
extension. If there exists a matrix B such that
= A B =1

then B is called the inverse of A and 1s denoted by A
I'he technical condition that & . inverse exists is that the & columns a,. a;.
.oy of A are linearly independent. That is, the existence of A~ 15 equivalent

ca, +ca, + e+ =0 onlyvif ¢ = a=0 (2-12)
(See Result 2A.9 in Supplement 2A))

Example 2.7

For o M3 2]
i
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‘

1|

1 .

| you may verify thal
|

=2  4All3 2 (=23 + (44  (=.2)2 + (.1 )
[ 8 -6(14 1 " (8)3 + (—.6)4 (.8)2 + ( 61 o g

S0

is A", We note that

Y

{]-<f- I

implies ¢, = ¢y = 0. so the columns of A are linearly independent. This
confirms the condition stated in (2-12). [

A method for computing an inverse. when it exists, is given in Supplement
2A. The routine, but lengthy. calculations are usually relegated to a computer,
especially when the dimension is greater than three. Even so. vou must be
forewarned that if the column sum in (2-12) is nearly 0, for some constants o,

- » ¢ the computer may produce incorrect inverses due to extreme errors in
rounding. It is always good to check the products AA ' and A 'A for equality
with I when A™" is produced by a computer package. (See Exercise 2.10,)

Diagonal matrices have inverses that are easy to compute. For example,

— ] i
ay 0 0 0 0 e 0 0 0 0
a
1
0 iy 0 0 0 0 - 0 0 0
-
|
0 O s’ 50 0 | has inverse 0 0 — 0 0
(/5%
D RO IR o ey 0 0 R Ly
s
0 0 0 0 Qs 0 ] 0 0 —I‘
— d (¢1%]

if all the a, # 0,

Another special class of

square matrices with which we shall become familiar
are the orthogonal m ¢ shall be k

atnces. characterized by

Th Q' =QQ=1 or =0 (2-13)

¢ name ives ; if

implies th-ndcr-’w” from the property that if Q has ith row q. then QQ' =1

y mmm:m‘qu‘g,rp—-nlllnnlci 449, = Ofori # jso the rows have unit length and

y endicular (orthogonal). Accord -onditi Qs

! al). ing : olig

the columns have the same property S ey

We conc 3
ncl .
ude our brief mtroduction 1o the elements of matrix algebra by

44 Chap, i
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introducing a concept fundamental to multivariate statistical analysis. A square
matnx A is said to have an eigenvalue A, with corresponding eigenvector x #
0, if

AX = Ax (2-14)
Ordinarily, we normalize x so that it has length one so | = x'x. It is convenient
to denote normalized eigenvectors by e, and we do so in the sequel. Sparing
vou the details of the derivation (see [1]). we state the following basic result.

Let A be a (k x k) square symmetric matrix. Then A has & pairs of
| eigenvalues and eigenvectors:
| Ay, € Nodi€rt o o NEEy (2-15)
The eigenvectors can be chosen to satisfy 1 = eje; = - - - = eje, and be
mutually perpendicular. The eigenvectors are unique unless two or more
eigenvalues are equal. I

Example 2.8
Let

Then, since

|
”
=
2 |
1]
N
o |
(]

-
ra |l
<
tJ ]

V2
e =
1
\/2

is its corresponding normalized eigenvector. You may wish to_show that

p 3 5

a second eigenvalue, eigenvector pair is: A, = =4, el = [1/V2, 1/V2]
]

A method for calculating the A's and e’s is described in Supplement 2A.
It is instructive to do a few sample calculations to understand the technique.
We usually rely on a computer when the dimension of the square matrix is
greater than two or three.

Sec. 2.2 Some Basics of Matrix and Vector Algebra 45
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EXy) EXp - EX,)
EtXa) EXn) - EUX,

EX)=| . : (223
E(Xy) EX,) - -+ EX,)

where, for each element of the matrix”

i X, 15 @ continuous random variable

[ Xihux;) dx,,

EX)) = 4 with probability density function f(y
2 3Py ) if X, is a discrete random variable
all s, with probability function p.(x,)

Example 2.11

Suppose p= 2and n = 1 and consider the random vector X' = [X.. Xy
Let the discrete random variable Y, have the following probability I'ljnc.i;&;
X -1 0 | ‘
PRl 5. A
Then E(X)) = :,l,prl'l,l = (=1E3) + (0K.3) + (D9 = ..
nmc‘j.‘::ulml,\'. let the discrete random variable A, have the probability
Xs 0 |
| & 2
Then E(X;) = » upi) = (0C8) + (1)) .
Thus %
IR E(X,) |
E(X) = _[.r-:'_\‘.! [ || [

Two re
results mvolving the expectation of sums

follow directly : [

b l”m”'::lll_\ from the definition of the expected value of a random matrix and

drdie properties of expectat : ) = EU : '

B i CXpectation. E(Y, +« ¥, E(X,) + E(Y) and
Let X and Y be ,

be conformable

and products of matrices

ando atrice "
M matrices of the same dimension and let A and B

matrices of constants Fhen (see Exercise 2.35)
[ EX +Y)= EX) + ELY)
ot __ BAX®) - apxp (2

T
U are un N
amifiar
Cxpected valye nd, event v
I alue ang, eventunll

Cxpecty i
Pectation rather than iy particul
H His

ith calculus,
nce. Oy
vl

VO .
3 ’u should concentrate on the interpretation of the
deve " . i
T ;'“"‘l’flltlll 15 based primarily on the properties of
IO 1or continuous or discrete random variables

Chap, 2
Matrix Algebra ang Random Vectors

2.6 MEAN VECTORS AND COVARIANCE MATRICES

Suppose X = {X} is a (p = 1) random matrix, that is, a random vector. Each
clement of X is a random variable with its own marginal probability distribution
(see Example 2.11). The marginal means. w,. and variances. o, are defined as
w,o= EX)and oF = E(X, T L TS (Rl S respectively. Specifically,

i X 18 @ continuous random variable with

X Lx) dx, Ll
probability density function f,(x,)
7l
S x piAx) i X s a discrete random variable with
e ‘ probability function p,(x,)
i ) il it X, is a continuous random variable with
X, = w)ilx) dx,; A5 A S 2
. e probability density function £ (x,)
or
< s if X, is a discrete random variable
(v — ) pilx;) ; i . N 5z
et g with probability function p,(x,) (2-25)

all «
It will be convenient in later sections to denote the marginal vanances by o
rather than the more traditional o7 and. consequently, we shall adopt this notation.
I'he behavior of any pair of random variables. such as X, and X, is described

by their joint probability function and a measure of the linear association between
them is provided by the covariance o, where
Oy = E(X, X — )

M I if X,. X; are

l ’ b = Rl — pdfial X, x) dxgdx, continuous random
: variables with the
joint density
function fi(x,. 1)

}: l (x; = ) — wdpulx. x) if X;, X, are
Ml 50 discrete random
variables with the
joint probability
function pu(x,. x;)
(2-26)
and g, and py, (0 k = 1, 2, ..., p,are the marginal means. When ¢ k. the

covariance becomes the marginal variance.
More generally, the collective behavior of the p random variables X, X,.
. X, ] is described

. XL, or, equivalently, the random vector X' = [\
by a joint probability density function fix,. x.. v

already noted in this book, f(x) will often be the multivariate normal density
function (see Chapter 4).

| fix). As we have

If the joint probability P|X v, and X, = ;] can be written as the product
of the corresponding marginal probabilities so that
PIX; = xpand X, = x;] = PIX, s x) PIX: = 5] 227
Sec. 2.6 Mean Vectors and Covariance Matrices 53
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for all pairs of values x,, x;. then X, and X are said to be sraristically "‘f“'(’Pt'ndrm‘
When X, and X, are cunlinum.ls r;lmlumr variables with joint dc”"”.\‘_l,lt.r,—. e
marginal densities f(x;) and fi(x,). the independence condition becomes
Salxi. x) = filx ) filx)
for all pairs (x,, x;). _
The p continuous random vanables X'\, X, .
independent if their joint density factors as
Jizplis X35+ o o X)) = filx MWalas) » = - fikx) (228

X, are mutnally stalisticaly

for all p-tuples (x,, x,. . ... x).
Statistical independence has an important implication for covariance. The
factorization in (2-28) implies Cov(X,, X0 = 0. Thus

[

| Cov(X..X) =0 if X, and X, are independent (2-29)

The converse of (2-29) is not true in general. There are situations wher
CoviX,, X)) = 0 and X, and X are not independent (see [2])

The means and covariances of the (p « 1) random vector X can be s
out as matrices. The expected value of each clement 15 contamed in the vector
of means u = E(X) and the p vanances o, and the p( p 1172 distinet covariances
o (i < k) are contained in the symmetric variance-covariance matrix L =
EXX = X - . Specifically,

EX) ]
E(X,) e l
£X) = | = n (2-30)
E(X,) l_'“ J
and
,\'. ~ \
i [| A2~ n
2=FEX X - p) = [ X iy Koy v il
X, - u
"‘_i-‘l ”1\1.‘!: (X _'f‘ HA 2] (X M A - J,)
= [ 1T A .‘ (0 (X, ) (X wma WX, ji,)
(X, - Xy = ) X, = )X iwy) (X iy
2P ¢ ? :
EX [:f," E(X = WilXs 1) X, — uy UX I V]
T X = ) EX, ) . FiA X #l'[
EOY: = . R ’
\ KX — gy E(X, = Hal(Xs ~ p1y) ] FiX ) _;
Chap. 2

Matrix Algebra and Random Vectors

or
AT T,
sy ar T
X = Cov(X) = . . (2-31)
r ] o o

Example 2,12
Find the covariance matrix for the two random variables X, and X, introduced
in Example 2.11 when their joint probability function. Pialyy, ) 18 represented
by the entries in the body of the following table

Yy 0 1 milxy)
I | .24 06 3
0 16 14 3
| 40 00 d
palxs) 8 2 |
We have already shown that g, E(X) Jdand py, = E(X,) 2 Isee
Example 2.11). In addition
oy = B - p = N - Py
il s
(-1 1V(.3) + (0 1°(.3) + (1 D4 = .69
o= EX = paF = Y (= 2 patas)
(0 - .28 + (1 2%.2)
16
T E(X L M Ha) = l (X Nixs = 2)palxy. X-)
(-1 1o N2 = (=1 il 2)(.06)
(1 (B[Q] 200.00) 08
E(X, TR Lty E(X e M) Tj» = (8
Consequently, with X [X;« X5,
[ £ I [
(X)) u
£IX) ‘ -1
i [ £ [ a2 | 2
and
P 1} \ (A
Y o ) |
3 E(X X i1 ! ( YT ' A y |
L(X ) E(A oy X ) |
E(A s A wy) o E(X L ’
oy .r.:. 6HY 08 | m
ors o 7 (8 16
Sec. 2.6 Mean Vectors and Covariance Matrices 55




LS saoLy DJUBIIBAOD puR SI0108A ULS 9z "09g

SOUSLIDIDEIRYD AU} 1a) 0 S1suoneniis asayl supuvy o1 yavosdde sugy “sanst Ameyd
BA 10 dwoaur pue uonduwnsuos

1 Anjeuosiad 1UasaIdd S|
A JO SIUDWIRINSEALW 1APISUOD “Sapdwexa sy sdnoud atotw 1o o
12 ayi ‘uayp

[EatsAyd pue s
asaadal sag

Ol Al

1ISEAW SONSLID)D

LAY prapur uo p

Xuyeyy asueLienod ayy Buiuonnieq

std Xunpw uonu[aLIod ay (ze-7) suisn "Anuanbasuo)

0. 0]
¥ ) G A)
0 i
_::.
r
km 0 o oA 0 0
IR SN (VAT A e = A
T. 0 C Q0 0 H \
JI9H
d pue _ A umigQ
_ 0 0 07 ST £— ....
|50 Tp lg| = £— 6 | 4
|tig Tig Hp i 1 -

asoddng
£1°7 adwexy
AN B U0 paruawajdwl APUANLIAU0D ag 0] suoHRNI[ED Ay SMoje
suonRIado NUIRW JO suual ul sdiysuonear asay) Jo uoissasdxa Y1 AP0
2 d apym d pue _ A wog pauIRIgo aq ued g Cs1oqey

)i=d

3 Wolj pauieiqo aq

<A

(L€-T) 1Az A -

puw

9e-7) 3 : “.,Q, A
YL (1T°T ASI21aXE] 238) payuaa Ajsua si 1 uay |

N T 0

(SE-T) (A
0 SoA g
0 0 oA

S10195 Wopuey pue BiGab)y Xujep

¢ ‘deyn 95
24 LA CXLew WOHDIAID
: e LipuD
P pivpums (o d) ayy 1] pue
| sie Ay 0
(70 |
o
()
TN
0
L\ S0 /N
0 \
' 7
. RIRITEY
d yupw suawwAs (d XHIEW uonwaLon uonendod ay 197] !
("l¢ 10} J,..J,f., .‘,. up b d .,....?_:_._:.... E:_E ,.::

0 unowe ay) sains

A TR » (131
R UONBIDOSSE 41731 W udIdYa0 uonejaLI0a ay]

DAYoON
(££-0) BT en "d
3

! s
D pUE "0 SIDURLIEA PUR V0 2DUBLIEAOD 241 JO suudy u pauyap si Md 1u21dYJa02
RERLOY ay ), Td [0 uonpmdod 3y se UMouy uonedosse jo

190IBA UL PUR UOHRIDOSSTE JO SUNSTAW U PAUIBIUOS 1241 Woyy "o
Hos voneuLour agy apeedas 01 aanewsogur Apuanbay) si |

“sampasond

UNSEA DY) * 4t
SRURLRA Ul paur

FLUBANOW Suvw wr 3jod ueiodw ue [d sannuenb asayy ey Fwsudins jou

Hos (¢ 1a1d O 295) UAAlG dde T XMW QIUBLBAOI-20uUBLIZA pue o 10)23A

WAy du0 payidads fja1ajdwos si UONNGLISIP [PUou 1eUeAlnW ay |
A[PANDAASAL (XLIEW) 2IUDLIDAOI-2IUDLIDA

Wandod pue (101334) upow wonpndod gy se g pue A 0] 1)1 [uys ap

gy n Yp
e0) = - - xig =%
L ig g
el )
s (1¢-7) wi Fuueadde xuew
AN 01 LU0 S i = (T - W~ 'y = "o asnedag

BRI a0 SOQELIEA WOPUILE SHOMI0) 10} suomundwod snoSojeur ajiym
Qg pue -2 SOMAWEN Y Ul S2) UONRWILNS SIA[OAUT SI[QULIRA WOPURY 2J21051p
K sueLin Ay pue “sasuvLea Csupaw Jo uoneindwod ayy eyl A0u M




YoueA
VI

n Y = (°Yqg ' ¥YP)aoy

U A3AAXI JO s

IA :_:_-

1 PUODIS 12 8]

\

+ ] ' X)g0

Yose yons wopues ajsus v g

Sajqee) wopuey o suoneuIquios
JBBULT 10§ XLIBYY SIUBLIPAOD pUE 10133/ UPSYY ayy

('3 l10) <y

T P X pue | x wo) SWAWR[2 JO ey pur

T s X 81X JOUNE DUBLIEAOD 3y ] Ng = ‘g N
r
| ;
[
_ t) o ! i) Fi+bg
[T e
m H Fil 1 ) e}
_ [
L 0 0 ] 0 J
S5 gl
wr-2) ” ; M -x) - x)7 = %
X g <

{uanbasuoa pur

510108/ Wopuey pue Rigab|y Xje Z “deys

: 1wy
Ut aumuonund ayg jo aen dunyegy

a ) » I
WWAS sjuessadau jou ¢ ¢ X Xujew ay

w0 30U [|Im NO L X jo TR pUR ¥ 0 wsuodiy D 2 uaamag d
4 b H I'*h sl | tfip SAURLIRAOS ayl r saald Lu_:._a
_1 1 0 0
(667 =] A = XN = X1z
i 1 o | W

P3am (.1 X, X) 10adxa ayy Furym uodp

T - ' - "y) i r 01 “vic - A._—...
1B T A Y) L ¢ G y)

W= — ) " Vi — ety iy

X = ,X)
pue asodsuwy jo suonuyap ayl wou

W xinew

8E-7)

e -

o pue —|= (|~ |=X

b4 %

“L -

aum ued am ajdwmxd 104

MAS2Eh o pun 4 azis jo sdnodi 0m) *23URISUL 10) *O1UL X 101924 WOPUL

4o o 2y uonied uEd am [RIAUAE U]

X Fuiwoniued
4 pauos A ued pur y o suauodwod suopapedal aq ued s1Rsqns Ayl X
% wopur [RUOISUDWIP-(| » ) & Aq pajasardal st uonajod (1o} Ayl J|
BBUAIRYD o uon a0 ez g1 jo slasqns ag sdnosd Punsip Y1 Fuyap

L d ag ur paureiuos <o 19

85




$10198A Wwopup

BOIE S0UBLBAGY PUR SI0108A UBAA| Y pue eigag)y Xujepy

Z "deyy

10D Ul SYNS2Y  (SAIUTVLIBAOD) S2OUBRLITA pue suwaw vonendod
| : r -
PassaIdxa Uaaq aauy uordas Sy ui Slnsar xLgew ; I jo J:_.:. g } iy g Lrw _l
74
. XHiep (ftT XD _ ﬁ i
JoueHEAD]) pue 101337 ueal sidwes ayy butuonniey v ] %o __ 7
| )
v ll |5
‘paiejaLIoaun auw : P A
Al Wl JO ddudsayip pue s ay .
. I«
SUOWAP Sy "ysiuea 23 ul swaa) ruod \ X VAT 7
v eyl o = o nn 1 910N
Ly <0 — llgo
i i 1
1 LL 't DY — D h - 1 ) X ) 7
< |
[ A § yits :
[ [0 #0][ i 7
R i~ |=2%0=@n =12
| | £ L |
puw
I BHES 7} z
[ =Xy = (Z2)g =%l
I I]
u_b:
XY pue ¥ jo suua) u
Fzer ]
X I I Z
X = ; =1,
X l I Z
10 Sa[quLea
: wopuet d jo 191%2 50 1h £
Y + ly =iz P L 01 papuaixa aq uea asoqe sinsa) ayg
X='v="7 0 ’ BF ot
)2 IRAUIL ) 10} XUIRW 3DUBLIPAOD PUR SUBAW Y1 pul. R
ip fp ol aduls
o | = V% ) AT = XA = (g + Typ)aep
1I2W 2DURLIZAOD-2DURLIEA pue SIWOIQ Z) D "X 10 XUJUW 20UBLIRA0I-2IUBLIZA ay A

©aq [y "'x] = X 10
17 spdwexy

AW Yyum 10103a wopu

w1

‘6 pue § saadey) we sisqpeue 1012e) pur sjuauodwon

. aM
ANO-UE(Sp-T) UE1nsalr 3y uo Apanay & IS 9 i
(.2%70 [2n]
N HO 241 jo uonmndwod ayi 10) 97 ¢ asiadaxy 2ag) {aandadsas ujs i |14

SIUBLITA0D-30Ul

RIFES

ApUR I0ID3A urdw dy) 2w XY pue N
D¥TD = (XDWOD = (Z)r0) = ¥ |
S YD = (X007 = (Z)g = X,? Y [¢ v]

ARG XD = 7 SUONRUIGod aeaul ay | ’
—_— - SEUANUM g ued fyg + 'xe (g tp] = 0y

09




£9 uoneziwxew pue saienbauy xujepy £g 083 $10103 Wopuey pue eigafijy Xijey 3*de
k]
! o) ayy st g taanoadsal - | o ple by
nw anuyap aanisod v 24 19 puw A5G0 WOL] PIIINIISU0) S101904 U J_FH:H ,_,.,.__: _ ) _L = X
; Sl BUTIRTT :
(1~

' “ . @X PUR | ¥ draym
SIODAA OMI AU DG P opur q o] nhauy ziesag—41yo

D PapudIXgg [

22a4p

S
SMO[]0) Allje AINYIS—AYINT ) 241 JO u0ISUAIXD jueLodw ing apduns y
] (P.pP)q,q) AP.q) saonpoud v v e
uau 2] (p2? q),(p2 qQ) = ( ‘p2 q 31wy doN
"NAWOS 10] py q Jtp,pig.q) (P.q) 10 |
p.p ' A § I't - bg
1.9 () _ - - - ——— =l
(P.q) \ ¢
y ) I
PNV I 08 ‘P.P/P q U 3aso0oyd am J1 013z 51 slayonaq LLLID) A ]
p.p p.p
- PP+ — - q.q
) ( p.q) ) § |
-1 P.q ! Pq |_
Ll P.p e
(P.PLY + (P,gINT — —m— 4 — —q,q9 > = pur
Soap p.q)

198 am “p,p/.(P,q) aneas ayl Sund

wqns puw _4__.,. \g

aienbs ayr 22pdwos am §p v w aneapenb s 2a0qe Ajawipawwn uoissatdya BRI |
b X
(P,PLY + (PYIXT — q( = |
P.P). P.g)xg L4 O-3) | _ -
P.P-Y 4 (PY)LQ = q,py — q,q = (py — q),(pr q) = Q N _ v
ASEX SIYT UL o+ pY— g 10§ aanisod s1opy q JO yiidua) ay)
ERITIN BIS AJBIHGIR UR SEX D1aUM CPY — g 101294 Ay JAPISUOD ) issod
SIYL BupnpxNg g = p 1o g q 12yna posnotago st Angenbaun ay ]
: 5 a . 3
7 JUBISUQD QWOS Wol) () = P o) p2 = ¢ JUAIUO pure gi apenba gum ML sy wodsauod sannuenb ysmaunsip o)
_ B0 ’ U0 ur pauorn 2 aLnew 9a AOD U 101338 ueaw ddwes ay
(RP-C) (P.PUY.q) = (P, N7 12a03-20urLs ajdwes Suipuodsalios ayl 2q
uay |
@1 OMTAHD 3Q popur q 1977 csgenbaup zaemiyag-syane) _v -
y 1=
R il “y Yy ty iy 77 i
UL PAOUDIDIDL DG sy 4oIym STNSAL UOHEZIUIXEW WIS aa 1ap L L% { v)(x - "x) L 4_
N I
- WoUonaas sy uk pajuasasd samenbaur vuvew g p

i
Ul e sjuauodwod (v
“utyiem a2 21 sdno.
-SEW JO uondur

ABA JNWIXDW Y1w SJudWaInseaw JO suoneulq .
Ibund capdwexs sagoun sy gerea dnoss
:...::n:..._ uo wdas Ayl saZmixnie Y] sjuawaan

-lod

B UAJO SEAn uoneoqe ay . sdnoss pautuidapaad o) \

SUONEAI3SqO Jun 20|

sanbiuyaay 3wl

YHM pawiaduod stapdwexa 1o “sissppue JURUIWLIDSIP 12aulT] =
HOW [212A3s Ul ajoa yuepodwi ue £

d sajdidurid voneznuxey

NOLLYZIMIXYIN GNY SFLLITYNDINI XIIVN £'2 : 3 H. l_ E
5§ ... Mg
V' LY sapquHeA d U0 SUONRAIISQO 1 wod)
N JO101AA A aq [yt ity = X
spndiaiunos apdwes paugap Spieudordde oy
jndod aga Ji poy osge (0p-7) puv “(8€-0) (LE-7)

X JO SIUdW)3 pur
YIS puE X suonearasqo wou) pamndwon xuew
N SUOHEAISSGO wody pandwos xuew asu MINAOD

N JO SIUDWRER 10) XLgRW aoue BOUISUO0) a3 .
: D SJABRIIAL

“LRA0D Jpdwes ayy si K
2ou

A0d apdwes ayy s

4 paaeiday a; san

4]




G9 uoneziwixew pue sanienbau] xuiew L'¢ 08s

A1 Nyl SAes ([¢-7) uonenbg cApuanbasuo) CYiSud| un Jo s ox0x A\ Uy
[ XX/ g # X paxy v 10,

X DIYMm XX S JN[RA JWBS Yy S

Fuye |

= wnuwixew | AY) SAAT ) \ oo ST 3

R XX

Xql N

S0 (£5-7) W Aienbaut aygy jo
.::,;___u_.:uL._.J.._z_.,_.::3_3_._

R+ BRW =X =

5] TXO0s U + ..+ B 4+ T = 4y X MON
€-7) 40 1ed puodds ayy sadnpod Juawngie epuns v
a9
'y aglla fac
4 ..uum”..-
10 = 1/'Y L A/AV A °X Jo astoyd SIY] 104
5 A ) e
| Y 1
aouis
1]
'a .
= 13, =
0
I
saald o X Jumag
(ts-C
—~ 1
\ \ a s A
< S £ VALY N
vy = d. ity — — = T
i = A Xd Vdud;, Vd.X X, 4. 9,X XX
\
& A Q

SYL ‘0 # A sandwi g # x cApuanbasuo))

A puw [(ZZ-T) 298] e Vd = 11T C[Ruosmp uiew ay) Suo)
Y SANEAURTI (UM XLIRW [RUOFRIP Yl G ' pur ‘ot - - - 5y tla

SA0IDDAUDTI AL 241 SUWNJOD ISOUM XLIRW [PUOTOUM0 JY1 3q g 197 “foouy
LCoraematpuadiad, pras st Tojoquuiss ayr asagm

X X Btiary

Ty £ RSHITE

7¢-7) | /A ¥ = X uaym pauiee

LIIA0DI0

S10):
198 Wopuey pue Bigaby XUl

 ‘deyy

X uaym paurene 4, XX ..”_.:._

N{x
ré )
a X Uaym pauiee Y = ‘f.f r.._..—.m
uay g a J

12 paziewoy PAeI0ssp
Y 4 ..

e <
a1 adaydg aiug)

¥ :
Ylm x (LRI Hap aamisod » al i
= " . :
11 uo sjuto g 4O} s oone ap :-J 10 uonezny

voneialdiaiu

apiaoad

1531

Neziunyew |

: P, g0 X J0j
P X 130 wnunyey A Fuiye |

1B 81 pun

1 asnedaq (0s-7) ue :.:7.._ $aA

pr
P, dp= il
AP.X)

Ayl spjais Xg X
MC 0 XgLx o 12p aa1

> aamsod ayy £q Snjenbay

sod st g pur 0 # X asnesag

A1J0 Sapis yloq Sul

P.4p - AP.X) "Al Ayane) papuajxa Y Ag foouy
0# 2 wesuod fuw 05 p f. x uaym paui nuwnew ayy yum
P D= 0X oy
(px)
x Zuou Lmaigae uw 0] udy | 10129
2 v ag ‘n puR anugap aag 127 “ewway uoneziuey

Unsar uoneziw
WYIS-Ayane) papuaiva ayj,

W uInoljo) ay1 o)

1 Py 1) pur (g, g) s1012aA
2 241 suiddde £q paragdwon st joosd a pue

P .9 4 = p., 9,499 = pLY = Py

1241 SmojjoJ 1t

LA (i
2 ;EH T |
T_.l.ﬂ.r_
98] Suma 29y A H | D USI012AUITID PAZIRWIOU 3Y) pur 'y
ARSI SEJO SWIAT ui pauyap g xuew j00d-a5enbs ay) Japisuod *asay) uey)
0 sase 104 P o g q uaym snoiaqo st Aqenbaut ay | joodg
D WRISUOD dwos 1o (qy- P o) poge = g 1 Auo pue i spenba gis

l68-7) (P, 4.P)HasLQ) = (p.q)

v9




v

uay |

L9

S10108 /7 vZ 'ddng

pa|

181 aaoge pat

.._: by H :.._:T_:, 101324 pun
10 donds BRIV PTVT uonmmgaq)

(138 ynw *sapdm-u

w nja

I __.J—__L_.::,J ..f_

D UOHIppe 101304 m
jdm-t

ado ong

2q 0}

AN OUDZ .J:. UJ —
z \ X
I* * 1
+ i g (s
L=< [ 1

nu awmws

snjp o

ayny

101234 v 51 X0 panpoad dy)

PUR 3G 007 (uonedndunpy Jeeas 7oy uoniuyagg

" SaLl puodsarion

QY1 enba aq o) pes o

SI0102 A

[
-

Y PAOUIP SEPUR 407220 1 PIJJID ST UWN[OD ¥ wl padu
¥ ¢ vy ssaquunu

jo aidmi-r uy cpeyr o

(]

paanbax > IY sjuawdan

1agu s Bose payniuenb {aenbape aq 10 3
A2 yueay s vossad v ose yans spdasuod A np
§4019a/

_._._.:_:..w .-_r_... “,J;.-._.___..:._ —.::

Wz 1owoddng

10199 |

PIdLISaS 101

vu_c_.._u_g aansod
Mo swod 1og N{LX |
PUE 1531w oy ]

02nea 5o

Slo16p Wwopuey pue eiqaby xuew ¢ deyy
Y2 99

S201040 Ja1aea ay1 o1 epnatpuadiad aq o)
11 STX LD M SAN[RA [RUWAIIND SE U0NRIaIdIaIul ue dany Os[e g Xuew
d) Ayl o saneauaiia | dmpawdul, g -aayds jun
sanpea [Ruaaxa juasaudar sny) SAN[RAUITI 1S[euls
joa) nun auo X siwod (e 10§ waoj anepeab ay)
_:._:r. LHUN ST UIFUO Y] WO 2DURISIP a50YMm X

10 a4l

Us ¢

1 sty tA)

::._a e J0J X¢f,X wioj o ip nb Y1 Jo anjea wnuxew Yy st ‘y .....:_:...:um_...




69 $1daduo) diseq :$adje|y pue SI0198A vz 'ddng

Tiu”

A pumn = X

127

A JO SR Ayl dde A W pue X o

A 10 Y1dud| = 7 pue X jo yiuaj Y7 d1aym
=

\L. = = (#)503
VX 4. o - 3+ WY 4+ ()

sjuauiaja ayg 2

SMO[[0] SE pauyap SIsauua
SUIARY YI0Q “& PUR X SI019A OM] UIINMIAG ¢ 2/un Y] 6'VT uonyagg

+ WA = *7 = x jo yidua;

R[NWAOY URAIOTRYIA Y1 Aq UaAIT s
AU} WOL) SUNBURWA SIUDWD[D i JO 101234 B JO y13ud) 3y '§°'VT uonuya(]

uon2ap pue IFud| Jo saradord [LIAWOAT Ayl Ay S101a7

| SRR |

WOpUE LY SaIRuplood gia aued ay1 ul yuod ayp Sunuasaid
120 2q ABW X 101328 Y1 T = w yiw apdwiexa 1o,

Se

paj ws [ruolsuawnp-
UL utod B se SEaLIaW0ad POpIEEAL 3q AW SIUAWIA W 0 FUNSISUOA 107358 \

| 0 0 1]

il 1 Ofey o |1 a0y o [0 iy
0 0 1 0
Iy 0 0 0 |

SBpassaudya Ajpnbiun aq ued x 101234
Auy aa0qe uapuadapur AU 2G 0) UMOYS 2138 S101994 Aoy asayr aaaym

(X¢ + Ixg
] UBd U0 Aum

,.Ea:__ a1

5109¢
10108 Wopuey pyp 2igaB)y XUlegy

¢ 'deyp 89
I 0 ] 0
0 | 40 0
0 ) | 0
() 0 |
51 SIS 7* ? O .1...._:—_...

o= w Y

SISEQ paxy v 1o
VT nsay

SE passardya A uw

2101394 1Ay

10 aouds 10333

\ Y1 10) sieng
JO 135 Auy

LVT uonugag

¥ 10}) r_r.:::

41 10 uoneuiquos seay,
uapuadap SHeaul v o

B sp
JIA O a8 el 1]

"X osmy
] X T —lya
uayy,
X | | =%
M !
3 wrpue ¢ < dayjouw
V=" =1p=1 _1p satpdun
! 0-2 4 ]
4 {) + (-0 B0
0+ | 2 +0-'» i e 0
1 g« + 1.0
0s
- 9
| | 1) 0
.,_,_u., O 0] _
‘ {0 h 0
L -_ 0 |

v = w104 “juapuadapu

HAYNIS[D SOUZ pur LU Uk SL 300 © YA SI0122A Jeijiwey ay )

(97T uonIuyaq) Ul uaayga0d oxazuou fjuo ap aq 'v 1))

wapuadap sJeauny st g

a2

Y yons *ouaz I
Heap aq o)

SuoneuIguoy waur) e
DAy v gy

S Ayl g st U cadwexa J0J 8101094 ay) Jo auo ji

rdapi Al :._: .;:_ 0] ___ us /. S10129A .—: 128 on: u.:.._.s._u:_O

) X 4.4 Wxip 4 Ixip

Ty SIRQUINU Y ISIND UYL 1 Japuadap
CNCUIN SI01924 JO 13 Y t9TYE uonuyag

unds anouy nayl pajua s1x 00 Xty jo

O3S DY Nt X CIN SI0199A Y JO HONDHIGUID
SN+ NI = 4 1010A AU SUVT uoniuya(]




s

LL s1dasuo) -

28 (SBdUIRN PUE SI0JDAA ve ‘ddng

t::._:_:.z ¥ pun smol u‘.::u:
JTOos pue 'Y 'Y 'v s

Yons 10113 asearaddn

¥ x uouy VT uonuyagg
saauyey
< < I
[
'z pun ,: 0 [0 ! n
| | L] |
Lr 1 Le Le |
sy |
| = (2] = A0 + () = 'msx
puwg
(I C 0 =+ £ = 'nn
08
v X ='n
0
H.v
ayuel am
| <
0 = *X _::< ____ = 'X
I 0
E 3
Wody S10102A auepnaipuadiad 1502 0 *apdwexa 10.g
s CUXCIX o undy avauy oyr uo X jo

QYL S1oz('2x) S PU®Z uo °x jo uonasafoud YL SEZ(ZIX) *uonanasuon

SIgl uj nnA\/n 7 JUIas Aq Y13ua) uun o) S Q) LDAU0D osw DI

n!-In n'n

' —_— . - n—- Lb 4 n
('~ 'n'x) ('n’x)
n'n

n—— ‘X = in
('nix)

X ‘n

I8 A Al

uanbas pajdnnsuod I Avw 3soy | cunds ARaul] awes ay

Yim 'noc C0ISI0R0A aepnatpuadiaad Sjpeninw
SI0129A Juapuadapur Apeaun) uaainy

ISIXD duay) oy iy
S0 IPIunpG-weas) ¢oyy Hnsay

A X) A o X fo o atoud

o= Y7y os WU jun sey A g

$1008A wopye

H pue 2iqafi)y Xuepw & 'deyy 0z
A . .. Y
T A X [o o
_ . ﬁ 5
: IRRIYY | Bl'y| TI've Uonuyagy

01904 n

Npuadiad .h__..::__f (

)

Unds au

0]
MWipuddiad s ¢ Il (c
AD O e

wadiad i 2 (

Z unsay

nua §

O Jaquinu fur 10 spioy
dvInatpuadiad |

2nnw g

SI01394 S18

19y

ST X Aum

M

e L pue x

g J1 Ajuo 1500 5

S2W023q uonIpuos ay) - 0L 40
Apuadiad amw § pup eyl Aes
<19

M 0L
UM TIVE uonmuyag

(/]

"X

=== = (§)s00

X NA X+ © e A = N o gidug) = vy

S SI101224 01 uaamiag adue ay Jo
A 941 ss2udxD few am ‘uoneiou £ x 41 ynp

oud ouun s

2U0UIP 01 XA 10 £,X voneiou ay) asn WM

X e B3y 0y

i)

JO wns ay) se pauyap st sauua JO R_quinu awes A
O 1 d (1op a0) aouuy 24y o1ty uonuya(q

“SE1 = ¢ *Apuanbasuo)
fo A0S x £8°¢
Y0L = [I1Z-]




72

‘

Examples of matrices are

R L g ll 0 0
A=] 0 1L B=|0 5 i/ ST 1
3 4 : - Lo 0 1
it 7 3
Tl J 2 | E = [e
-3 1 8

In our work, the matrix elements will be real numbers or functions taking o
values in the real numbers.

Definition 2A.14.  The dimension (abbreviated dirn) of an m x k matiy
is the ordered pair (m. k); m is the row dimension and 4 is the column dimensipn,
The dimension of a matrix is frequently indicated 1n parentheses below the letter
representing the matrix. Thus the m x k matrix A is denoted by A . Inthe

examples above the dimension of the matrix X 15 3 » 3 and this information
can be conveyed by writing X .
(et

An e > k matrix, call it A. of arbitrary constants can be written

LLET o 1
{ a {
A =
tmx by
(£ i~ [} J
or more compactly as A {4, where the index ¢ refers to the row and the
index j refers to the column
An m X | matrix is referred to as @ column vector. A | x k matixis

aferr, ag 5 i
lrntulcd lo as a row vector. Since matrices can be considered as vectors sue
v - ey v i

v side, it 18 natural to define multiplication by a scalar and the addition of two
matrices with the same dimensions.

Definition 24115, Two matrices A a)and B b} are sad 1o

be equal, written A = 1. if a e s 102 g 1,2 k. T
15, IWO matrices are equal if: bt . i

(@) Their dimensionality s the same
(h) Every corresponding element is the same

Definition 2 atri o ;
chinition 24,16 (Matriy Addition).  Let the matrices A and B both be of

y
dim m A| with arbitrary elements ¢ and b, | [P m, j 192 4
respectively. The i 4 i Wit €, wiit
(o p A+B rh_L sum of the matrices A and B is an mr > A matrix C. writen
. such that the arbitrary element of €. ¢ . 1s given by
Tl i OIS I el m o j=1,2 k
Chap. 2

Matrix Algebra and Random Vectors

Note that the addition of matrices is defined only for matrices of the same
dimension.

For example

g2 3 ; 3 H 77 B -(\ 8 10
4 1 1 2 =10 6 0 |

A + B = C
Definition 2A.17 (Scalar Multiplication).  Let ¢ be an arbitrary scalar and
A ={ayl. Then ¢cA = Ac = B = {b,). where b, = ca, = a,c. i =
fent « R (mx L) (m < k) LR
1.2 gl s 2 k.

Multiplication of a matrix by a scalar produces a new matrix whose elements
are the clements of the original matrix. each multiplied by the scalar.

For example. if ¢ = 2.
3 -4 3 -4 s =g
2|2 6] =12 612.=]4 12
0 5 0 Si 0 10
cA = At B
Definition 2A.18 (Matrix Subtraction). lLet A = {a,and B = (b}

be two matrices of equal dimension. Then the difference between A and B.
written A — B, is an m % k matrix C = {¢,} given by
C=A-B=A+(=1)B

That isiicy = ay+ (=1)by =1ay = by 1= 0120 e m,j =1,

- I
2 gk
Definition 2A.19. Consider the m x &k matrix A with arbitrary elements
Q. i IR s i F = T . k. The transpose of the matrix A, denoted
by A’ is the 'k . x. m matrix with elements ;.4 =1.2. . ... ki= 1,2,
m. That is. the transpose of the matrix A is obtained from A by interchanging
the rows and columns.
As an example. if
fias, 7]
J. then A" =11 — 4|
B 6]

a2
-4 6

-
119

Result 2A.4. For all matrices A. B. and C (of equal dimension) and scalars
¢ and o, the following hold:

@((A+B+C=A4%(B+ 0

(A +B=B+ A

() clA + B) = ¢cA + ¢B

(dy (e + HA cA + dA

(e) (A + B)f = A" + B (That 1s. the transpose of the sum is equal to
the sum of the transposes.)

Supp. 2A Vectors and Matrices: Basic Concepts 73
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Also
4 -1 e 1] ] (R
0 1j]l-3 4 3. 4
but
2 1[4 -1 g8 ~1
-3 4llo 1 2 7

2. Let 0 denote the zero matrix. that is, the matrix with zero for every elemen

In the algebra of real numbers, if the product of two numbers. ab, is zen,

then a = 0 or b = 0. In matrix algebra. however. the product. of
nonzero matrices may be the zero matrix. Hence.

AB = 0

does not imply that A = 0 or B = 0. For example,

3 1 31 4] o]

I 2 2 & | 0
I 5 L
It is true, however, that if either A 0 or B = 0.t
A, SR =0
(mxm) k) (mxk)
Definition 2A.24.  The determinans of the square & = & matrix A = la
denoted by [Al. is the scalar
Al = a if |
Al = Y aylaylt=1) ifk>1
where Ay is the (k — 1) = (4 x obtained by deleting the first ros
and jth column of A. Also. [A N @A (=10 using the ith row in phe

of the first row

I 00 | | |
10 . 00 3 0 1
o i "n ] P (SR glo=1
0 -0 !
= I(1) =1
IF Tis the £ x &k identity matrix, [1| = 1.
[dn i ap| |
[ I On . 5 55 ;
Ay dx fin HH\M & ("Il -1y + :11~|”" D=1y
|2 an 'Iu;, sy
dyy  diyr Ay
la I+ P
+ (| - =1 = aplsats + sty + Gt
ayy Ay - s )
= Uy find = @yl — daallxnd

~

The determinant of any 3 < 3 matrix can be computed by summing the products
of elements along the solid lines and subtracting the products along the dashed
lines in the diagram below. This procedure is nor valid for matrices of higher
dimension but. in general. Definition 2A.24 can be employed to evaluate these
determinants.

We want to state a result that describes some properties of the determinant.

Examples of dete e | nd 3
ples of determinants (evaluated using Definition 2A.24) are However, we must first introduce some notions related to matrix inverses
=33 ‘ )
6 a4 = HH=1r +36/t-1) 14y + 36N -1) 14 Definition 2A.25. The row rank of a matrix is the maximum number of
In general linearly independent rows considered as vectors (that i1s. row vectors). The
eneral. . . . - it
b column rank of a matrix is the rank of its set of columns considered as vectors
|y ayp, :
sy g Al =11 + apayl 1) o {0l For example, let the matrix A be
x JE £k l
3 1.6 = o Sl
1 L 4 g i 7 5 - ! A=12 5 1
: o i (UL j |0 :
gt |‘ -7 1 I | N (1) 6}, (=1 L I 1]
i Ihe rows of A written as vectors were shown to be linearly dependent after
s J Y d ; :
339) — 1(=3) + 6(-5T7) 222 Definition 2A.6. Note that the column rank of A is also 2, since
76 Cha
p. 2 : y
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Definition 2A.28. Let A = {a,} be a A = A square matrix. The
of the matrix A, written tr(A), is the sum of the diagonal elements; (hy i
i

tr(A) = S .

i=1
Result 2A.12. Let A and B be & » & matnces and ¢ be a scalar,

(a) tr(cA) = ¢ tr(A)

(b) tr(A = B) = tr(A) = tr(B)

(¢) tr(AB) = tr(BA)

(d) tr{B'AB) = tr{A)
i L

(e) tr(AA) = 2 X a; i
iml juml

Definition 2A.29. A square matrix A is said to be orthogonal if its rows
;nmidcrcd as vectors, are mutually perpendicular and have unit lengths; tha

Result 2A.13. A matrix A is orthogonal if and onlv if A A’. Fora
orthogonal matrix, AA" = A’A = 1. so the columns are also mutually perpendicuz
and have unit lengths. I

An example of an orthogonal matrix is

Clearly A = A’, 50 AA' = A’A = AA

or
=101 1 i 1
; : : : 4 } T L b | ¢
b ek f' s e
i . i < in 010
§ 4 } ] t0 0 0 |
A 3 3
\ I
SOA" = A",
A" and A must be an orthogonal m;

it o | nrix
Square matrices are

: best understood
and eigenvectors,

in terms of quantities called eigenvaliks

Definition 2430, Let A be 4/

e o ey k square matrix and I be the & X*
dentity matrix. Then the scalars Afs A% s B

A = M| = 0 are called tf . A, satistving the polynomial equate®
The equation |z ' .\LlL : |1‘lm-u|—¢,j”,~\ (or characteristic roots) of a matrivA

Y S T T t
equation. (as a function of A) is called the characienst
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For example, let

Then
IHr o 10 1T—A 0 | i
A = All = | 2= = | - (1 - A3 -A =0
| [[I J 0 1 | 1 3=A
implies there are two roots. A, = | and A, 3. The eigenvalues of A are 3
and 1. Let
13 -4 2
A=]-4 13 =2
2 2 10
I'hen the equation
13 = :i
A-AM=| -4 13-4 -2| = =A%+ 3607 — 405\ + 1458 =0
! 2 =2 10— x|
has three roots: A; = 9. A» = 9, and A, = 18; that is. 9. 9. and I8 are the

eigenvalues of A.

Definition 2A.31.  Let A be a matrix of dim k x & and let A be an eigenvalue
of A. If x is a nonzero vector ( x # 0 ) such that
i& « 1)

w1 k=1 (13
Ax = AX
then x is said to be an eigenvector (characteristic vector) of the matrix A associated

with the cigenvalue A.

An equivalent condition for A to be a solution of the eigenvalue-eigenvector

equation is |A — Al = 0. This follows since the statement that Ax = Ax for
some A and x # 0 implies
0 (A — ADx = x,col (A AD + - -+ + xcol{A — AD
That is. the columns of A — Al are linearly dependent so. by Result 2A.9(b).
A M| = 0 as asserted. Following Definition 2A.30, we have shown that the
cigenvalues of
10
i ' [ I
are A, = 1 and A- = 3. The eigenvectors associated with these eigenvalues can

be determined by solving the following equations:

1 0] x
I 3] x
Ax
1 0 X |
v 3]l
AX
Supp. 2A Vectors and Matrices: Basic Concepts 81




or
Xy 2x,
There are many solutions for x, and x
Setting x, = 1 (arbitrarily) gives 1,

2 and hence

X

—_—r

is an eigenvector corresponding to the eigenvalue | From the second expressioe

\ X
X+ 3%y = 3x
implies x, = 0 and v, = I (arbitrarily). and hence
[o]
[ 1]
IS an eigenvector corresponding 1o the cigenvalue 3 It s usual practice ¢

dclcrmmgin cigenvector so that it has length one. That i« i Ax

Bine, _ AX, we lak:
€ = X/VX'x as the eigenvector corresponding 1o A

For example the eigenvectr

for A = 1is [=2/v/5, | V5]

Definition 24.32.
Yo1s O(x)
matrix.

A guadratic form. Oix). in 1l

. e 4 variables x,, T
X'Ax where x Ly | anc A

A i oa

k symmetnc

Note that a quadratic form can be v > N auaa. F
example:
I I 7. 1
Qfx) = [x, 1]' ]“ J 1 )
1 2
[ 0
Qix) = [y nonll3 -} ol | { 2
: ! 2 “ ) byax =X
l ‘ =]l
EXERCISES
L1 Let x (5.1,3 and y (-1,

(@) Graph the twe veclors -
(b} Find (j) the length of X

(i) the angle he
of ¥ onx he angle |

tween x and v, and (i) the projectios
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[
o

5]
n

[

-3

. Given

(c) Since T Jand v = |, graph [§ i1 3, 3
[=1 1.3 1. 11 =1-22 0.

. Given the matrices

e
-~

I

perform the indicated multiplications
(a) SA

(h)y BA

(c) A'B’

) C'B

(e) Is AB defined?

td — I

Verify the following properties of transpose when

.t

and C

—ra

3i. B

(@) (A" A
( (C) ! oy
(c) (ARY B'A’
(d) Prove (c) for general A and B

When A ' and B

"exist. prove cach of the following

() (AY) (A )
(hi (AR) = B7'A
(Hint: Part a can be proved by noting that AA ' ks

(A VA’ Part b follows from (B 'A " ")AB B (A 'AB

Check that
Q J N i

15 an orthogonal matrix.
Let

) Is A svmmetric?
(b) Show that A is positive definite

. Let A be as given in Exercise 2.6

(a) Determine the eigenvalues and egenvectors of A
(b) Write the spectral decomposition of A

te) Find A

(d) Find the eigenvalues and eigenvectors of A

2]
(2 -2

¢ malrix

find the eigenvalues A, and A, and the associated normalized cigenvectors e, and

e Determine the spectral decomposition (2-16) of A
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